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Transport maps



Transport maps

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Transport maps

<latexit sha1_base64="SNX/IN6i4eTwpo0okidvG6gqlKE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvSGEYQENmR2mIUJs7ObmV4TQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjRxOnmvEmi2Ws2wE1XArFmyhQ8naiOY0CyVvB6Gbmt564NiJWDRwn3I/oQIlQMIpWeig3yr1iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU8ViveZeXivlqq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHa/mNQw==</latexit>

T

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Transport maps

<latexit sha1_base64="SNX/IN6i4eTwpo0okidvG6gqlKE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvSGEYQENmR2mIUJs7ObmV4TQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjRxOnmvEmi2Ws2wE1XArFmyhQ8naiOY0CyVvB6Gbmt564NiJWDRwn3I/oQIlQMIpWeig3yr1iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU8ViveZeXivlqq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHa/mNQw==</latexit>

T

<latexit sha1_base64="svSMFwnrwROtf24PPJ15Ojl6ozY="></latexit>

Call T a transport map if T]P = Q i.e. X ⇠ P, T (X) ⇠ Q

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Optimal transport map

<latexit sha1_base64="hw6p+jTcYYaJOKcq3tBWECaH20E=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7Jb8ONY8KK3Ct220C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxbJlpQgOBR5JFjGBjJb/aGrjVQbni1twF0DrxclKBHM1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBbHztCFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66Umug0yJpPUUEmWi6KUIxOj+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6dvVYrzQe8jiKcAbncAke3EAD7qEJPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCQdI3m</latexit>

T0

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Optimal transport map

T0

T0 := argmin
T : T♯P=Q

𝔼X∼P∥X − T(X)∥2
2

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q

<latexit sha1_base64="HRtXJcH476hodfyLiBycPN6p5/Q="></latexit>

Monge (1781)
<latexit sha1_base64="jmDJHv36RCV/jti1Fma6uUuTw5Y="></latexit>

[colorized]



Optimal transport map

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q

<latexit sha1_base64="hw6p+jTcYYaJOKcq3tBWECaH20E=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7Jb8ONY8KK3Ct220C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxbJlpQgOBR5JFjGBjJb/aGrjVQbni1twF0DrxclKBHM1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBbHztCFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66Umug0yJpPUUEmWi6KUIxOj+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6dvVYrzQe8jiKcAbncAke3EAD7qEJPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCQdI3m</latexit>

T0

<latexit sha1_base64="U5eJFyP1I2q8yJvdh3WcqCSlwbk="></latexit>

T0 := argmin
T :T]P=Q

EX⇠P kX � T (X)k2<latexit sha1_base64="HRtXJcH476hodfyLiBycPN6p5/Q="></latexit>

Monge (1781)



Brenier map

(has a density)

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q

<latexit sha1_base64="hw6p+jTcYYaJOKcq3tBWECaH20E=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7Jb8ONY8KK3Ct220C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxbJlpQgOBR5JFjGBjJb/aGrjVQbni1twF0DrxclKBHM1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBbHztCFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66Umug0yJpPUUEmWi6KUIxOj+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6dvVYrzQe8jiKcAbncAke3EAD7qEJPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCQdI3m</latexit>

T0

<latexit sha1_base64="SyoGhf5QK2dUUUTloJkPlBSrFFU="></latexit>
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Where do transport maps arise?
<latexit sha1_base64="bNym562tPTC1pen9LLHb01kGJ5Q="></latexit>

• Generative modelling

– Huang et al. (2020), Amos (2023), Chen et al. (2023), etc.

• Multivariate rank and quantile estimation

– Ghosal & Sen (2022), Hallin et al. (2021), Chernozukov et al. (2017)

• Computational biology (predicting trajectories of single-cell genomics)

– Schiebinger et al. (2019), Bunne et al (2021, 2022, 2023)

• Causal inference

– Gunsilius et al. (2020, 2021)

• Transfer learning and domain adaptation

– Alvarez-Melis and Fusi (2020), Flamary et al. (2015)

• among many others!



Where do transport maps arise?
<latexit sha1_base64="bNym562tPTC1pen9LLHb01kGJ5Q="></latexit>

• Generative modelling

– Huang et al. (2020), Amos (2023), Chen et al. (2023), etc.

• Multivariate rank and quantile estimation

– Ghosal & Sen (2022), Hallin et al. (2021), Chernozukov et al. (2017)

• Computational biology (predicting trajectories of single-cell genomics)

– Schiebinger et al. (2019), Bunne et al (2021, 2022, 2023)

• Causal inference

– Gunsilius et al. (2020, 2021)

• Transfer learning and domain adaptation

– Alvarez-Melis and Fusi (2020), Flamary et al. (2015)

• among many others!



Where do transport maps arise?
<latexit sha1_base64="bNym562tPTC1pen9LLHb01kGJ5Q="></latexit>

• Generative modelling

– Huang et al. (2020), Amos (2023), Chen et al. (2023), etc.

• Multivariate rank and quantile estimation

– Ghosal & Sen (2022), Hallin et al. (2021), Chernozukov et al. (2017)

• Computational biology (predicting trajectories of single-cell genomics)

– Schiebinger et al. (2019), Bunne et al (2021, 2022, 2023)

• Causal inference

– Gunsilius et al. (2020, 2021)

• Transfer learning and domain adaptation

– Alvarez-Melis and Fusi (2020), Flamary et al. (2015)

• among many others!



Where do transport maps arise?
<latexit sha1_base64="bNym562tPTC1pen9LLHb01kGJ5Q="></latexit>

• Generative modelling

– Huang et al. (2020), Amos (2023), Chen et al. (2023), etc.

• Multivariate rank and quantile estimation

– Ghosal & Sen (2022), Hallin et al. (2021), Chernozukov et al. (2017)

• Computational biology (predicting trajectories of single-cell genomics)

– Schiebinger et al. (2019), Bunne et al (2021, 2022, 2023)

• Causal inference

– Gunsilius et al. (2020, 2021)

• Transfer learning and domain adaptation

– Alvarez-Melis and Fusi (2020), Flamary et al. (2015)

• among many others!



Where do transport maps arise?
<latexit sha1_base64="bNym562tPTC1pen9LLHb01kGJ5Q="></latexit>

• Generative modelling

– Huang et al. (2020), Amos (2023), Chen et al. (2023), etc.

• Multivariate rank and quantile estimation

– Ghosal & Sen (2022), Hallin et al. (2021), Chernozukov et al. (2017)

• Computational biology (predicting trajectories of single-cell genomics)

– Schiebinger et al. (2019), Bunne et al (2021, 2022, 2023)

• Causal inference

– Gunsilius et al. (2020, 2021)

• Transfer learning and domain adaptation

– Alvarez-Melis and Fusi (2020), Flamary et al. (2015)

• among many others!



Where do transport maps arise?
<latexit sha1_base64="bNym562tPTC1pen9LLHb01kGJ5Q="></latexit>

• Generative modelling

– Huang et al. (2020), Amos (2023), Chen et al. (2023), etc.

• Multivariate rank and quantile estimation

– Ghosal & Sen (2022), Hallin et al. (2021), Chernozukov et al. (2017)

• Computational biology (predicting trajectories of single-cell genomics)

– Schiebinger et al. (2019), Bunne et al (2021, 2022, 2023)

• Causal inference

– Gunsilius et al. (2020, 2021)

• Transfer learning and domain adaptation

– Alvarez-Melis and Fusi (2020), Flamary et al. (2015)

• among many others!



Where do transport maps arise?
<latexit sha1_base64="bNym562tPTC1pen9LLHb01kGJ5Q="></latexit>

• Generative modelling

– Huang et al. (2020), Amos (2023), Chen et al. (2023), etc.

• Multivariate rank and quantile estimation

– Ghosal & Sen (2022), Hallin et al. (2021), Chernozukov et al. (2017)

• Computational biology (predicting trajectories of single-cell genomics)

– Schiebinger et al. (2019), Bunne et al (2021, 2022, 2023)

• Causal inference

– Gunsilius et al. (2020, 2021)

• Transfer learning and domain adaptation

– Alvarez-Melis and Fusi (2020), Flamary et al. (2015)

• among many others!



Statistical estimation of OT maps



Statistical estimation of OT maps
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(A1) P has density 0 < pmin  p(x)  pmax
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with convex support supp(P ) ✓ B(0;R)
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Given i.i.d. samples X1, . . . , Xn ⇠ P and Y1, . . . , Yn ⇠ Q



Statistical estimation of OT maps

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q

<latexit sha1_base64="hw6p+jTcYYaJOKcq3tBWECaH20E=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7Jb8ONY8KK3Ct220C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxbJlpQgOBR5JFjGBjJb/aGrjVQbni1twF0DrxclKBHM1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBbHztCFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66Umug0yJpPUUEmWi6KUIxOj+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6dvVYrzQe8jiKcAbncAke3EAD7qEJPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCQdI3m</latexit>

T0

<latexit sha1_base64="qzxnxrmaJyCMeeu9EKs4lfpcMGI="></latexit>

Given i.i.d. samples X1, . . . , Xn ⇠ P and Y1, . . . , Yn ⇠ Q
<latexit sha1_base64="KUrNE4JIWm6XHp2FFLmRvgyGW1E="></latexit>

Question: How to estimate T0 on the basis of samples?



Statistical estimation of OT maps

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q
<latexit sha1_base64="pFhWuUTW4jcmEE2qbZ6S7Ox76Lc="></latexit>

Goal: Construct estimator T̂n with “good” computational and statistical
<latexit sha1_base64="E7lSV4/lT4Wu2bwTbECn66eMZZs="></latexit>

properties

<latexit sha1_base64="NYbc2Okj3Cb48MItqoTnDeSW4gw="></latexit>

T̂n



Statistical estimation of OT maps

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q
<latexit sha1_base64="pFhWuUTW4jcmEE2qbZ6S7Ox76Lc="></latexit>

Goal: Construct estimator T̂n with “good” computational and statistical
<latexit sha1_base64="E7lSV4/lT4Wu2bwTbECn66eMZZs="></latexit>

properties
<latexit sha1_base64="Q0xPXtpTcvmvG5NPjJUhvJmcuAI="></latexit>

EkT̂n � T0k2L2(P ) . ?

<latexit sha1_base64="NYbc2Okj3Cb48MItqoTnDeSW4gw="></latexit>

T̂n



Prior work
<latexit sha1_base64="ZGA9+EsU53urynv695GGB8zCHfU="></latexit>

Suppose (A1) and T0 bi-Lipschitz,
<latexit sha1_base64="M2OTZAIwcE7rgna3aiR30sHkmrs="></latexit>

0 � µI � DT0 � LI



Prior work

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q

<latexit sha1_base64="hw6p+jTcYYaJOKcq3tBWECaH20E=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7Jb8ONY8KK3Ct220C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxbJlpQgOBR5JFjGBjJb/aGrjVQbni1twF0DrxclKBHM1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBbHztCFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66Umug0yJpPUUEmWi6KUIxOj+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6dvVYrzQe8jiKcAbncAke3EAD7qEJPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCQdI3m</latexit>

T0

<latexit sha1_base64="ZGA9+EsU53urynv695GGB8zCHfU="></latexit>

Suppose (A1) and T0 bi-Lipschitz,
<latexit sha1_base64="M2OTZAIwcE7rgna3aiR30sHkmrs="></latexit>

0 � µI � DT0 � LI



Prior work
<latexit sha1_base64="ZGA9+EsU53urynv695GGB8zCHfU="></latexit>

Suppose (A1) and T0 bi-Lipschitz,
<latexit sha1_base64="zMAFfjt5vPD0ACFlrRHyON2g9Ko="></latexit>

EkT̂n � T0k2L2(P ) . n�2/d <latexit sha1_base64="M2OTZAIwcE7rgna3aiR30sHkmrs="></latexit>

0 � µI � DT0 � LI



Prior work
<latexit sha1_base64="ZGA9+EsU53urynv695GGB8zCHfU="></latexit>

Suppose (A1) and T0 bi-Lipschitz,
<latexit sha1_base64="zMAFfjt5vPD0ACFlrRHyON2g9Ko="></latexit>

EkT̂n � T0k2L2(P ) . n�2/d <latexit sha1_base64="M2OTZAIwcE7rgna3aiR30sHkmrs="></latexit>

0 � µI � DT0 � LI

<latexit sha1_base64="eMwwm0O+wt8aCI3stbDo0hRwGaQ="></latexit>

Entropic optimal transport (tractable, suboptimal)

<latexit sha1_base64="ok4hPfRPqAknGf7tXSjaCfr04p4="></latexit>

• Hütter & Rigollet (2019): Estimator based on wavelets

• Deb et al., and Manole et al. (2021): Plug-in estimators

• Muzellec et al. (2021): Kernel SoS (tractable; high smoothness regime)

• Manole et al. (2021): 1-Nearest-Neighbor estimator (tractable, optimal)

• P. & Niles-Weed (2021):



Prior work
<latexit sha1_base64="ZGA9+EsU53urynv695GGB8zCHfU="></latexit>

Suppose (A1) and T0 bi-Lipschitz,
<latexit sha1_base64="zMAFfjt5vPD0ACFlrRHyON2g9Ko="></latexit>

EkT̂n � T0k2L2(P ) . n�2/d <latexit sha1_base64="M2OTZAIwcE7rgna3aiR30sHkmrs="></latexit>

0 � µI � DT0 � LI

<latexit sha1_base64="eMwwm0O+wt8aCI3stbDo0hRwGaQ="></latexit>

Entropic optimal transport (tractable, suboptimal)

<latexit sha1_base64="ok4hPfRPqAknGf7tXSjaCfr04p4="></latexit>

• Hütter & Rigollet (2019): Estimator based on wavelets

• Deb et al., and Manole et al. (2021): Plug-in estimators

• Muzellec et al. (2021): Kernel SoS (tractable; high smoothness regime)

• Manole et al. (2021): 1-Nearest-Neighbor estimator (tractable, optimal)

• P. & Niles-Weed (2021):

<latexit sha1_base64="MD4ZHT1P2ELqCb436nBNE4eCypw="></latexit>

How? Crucial lemma: kT̃ � T0k2L2(P ) . L(S('̃)� S('0))



The case for discontinuity
<latexit sha1_base64="Q0xPXtpTcvmvG5NPjJUhvJmcuAI="></latexit>

EkT̂n � T0k2L2(P ) . ?

<latexit sha1_base64="BEqqEG6LqTCVHH2YNQ9yEpRRXII="></latexit>

Suppose (A1) and T0 discontinuous,



The case for discontinuity

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q

<latexit sha1_base64="hw6p+jTcYYaJOKcq3tBWECaH20E=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7Jb8ONY8KK3Ct220C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxbJlpQgOBR5JFjGBjJb/aGrjVQbni1twF0DrxclKBHM1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBbHztCFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66Umug0yJpPUUEmWi6KUIxOj+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6dvVYrzQe8jiKcAbncAke3EAD7qEJPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCQdI3m</latexit>

T0

<latexit sha1_base64="Q0xPXtpTcvmvG5NPjJUhvJmcuAI="></latexit>

EkT̂n � T0k2L2(P ) . ?

<latexit sha1_base64="BEqqEG6LqTCVHH2YNQ9yEpRRXII="></latexit>

Suppose (A1) and T0 discontinuous,



The case for discontinuity

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q

<latexit sha1_base64="hw6p+jTcYYaJOKcq3tBWECaH20E=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7Jb8ONY8KK3Ct220C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxbJlpQgOBR5JFjGBjJb/aGrjVQbni1twF0DrxclKBHM1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBbHztCFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66Umug0yJpPUUEmWi6KUIxOj+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6dvVYrzQe8jiKcAbncAke3EAD7qEJPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCQdI3m</latexit>

T0

<latexit sha1_base64="Q0xPXtpTcvmvG5NPjJUhvJmcuAI="></latexit>

EkT̂n � T0k2L2(P ) . ?

<latexit sha1_base64="BEqqEG6LqTCVHH2YNQ9yEpRRXII="></latexit>

Suppose (A1) and T0 discontinuous,



The case for discontinuity
<latexit sha1_base64="Q0xPXtpTcvmvG5NPjJUhvJmcuAI="></latexit>

EkT̂n � T0k2L2(P ) . ?

<latexit sha1_base64="BEqqEG6LqTCVHH2YNQ9yEpRRXII="></latexit>

Suppose (A1) and T0 discontinuous,

<latexit sha1_base64="eMwwm0O+wt8aCI3stbDo0hRwGaQ="></latexit>

Entropic optimal transport (tractable, suboptimal)

<latexit sha1_base64="ok4hPfRPqAknGf7tXSjaCfr04p4="></latexit>

• Hütter & Rigollet (2019): Estimator based on wavelets

• Deb et al., and Manole et al. (2021): Plug-in estimators

• Muzellec et al. (2021): Kernel SoS (tractable; high smoothness regime)

• Manole et al. (2021): 1-Nearest-Neighbor estimator (tractable, optimal)

• P. & Niles-Weed (2021):



The case for discontinuity
<latexit sha1_base64="Q0xPXtpTcvmvG5NPjJUhvJmcuAI="></latexit>

EkT̂n � T0k2L2(P ) . ?

<latexit sha1_base64="BEqqEG6LqTCVHH2YNQ9yEpRRXII="></latexit>

Suppose (A1) and T0 discontinuous,

<latexit sha1_base64="w4BKg2t/f6Yr7iTU5bD790QQUEk="></latexit>

Why? Crucial lemma: kT̃ � T0k2L2(P ) . L(S('̃)� S('0))

<latexit sha1_base64="eMwwm0O+wt8aCI3stbDo0hRwGaQ="></latexit>

Entropic optimal transport (tractable, suboptimal)

<latexit sha1_base64="ok4hPfRPqAknGf7tXSjaCfr04p4="></latexit>

• Hütter & Rigollet (2019): Estimator based on wavelets

• Deb et al., and Manole et al. (2021): Plug-in estimators

• Muzellec et al. (2021): Kernel SoS (tractable; high smoothness regime)

• Manole et al. (2021): 1-Nearest-Neighbor estimator (tractable, optimal)

• P. & Niles-Weed (2021):



The case for discontinuity
<latexit sha1_base64="Q0xPXtpTcvmvG5NPjJUhvJmcuAI="></latexit>

EkT̂n � T0k2L2(P ) . ?

<latexit sha1_base64="BEqqEG6LqTCVHH2YNQ9yEpRRXII="></latexit>

Suppose (A1) and T0 discontinuous,

<latexit sha1_base64="w4BKg2t/f6Yr7iTU5bD790QQUEk="></latexit>

Why? Crucial lemma: kT̃ � T0k2L2(P ) . L(S('̃)� S('0))

<latexit sha1_base64="eMwwm0O+wt8aCI3stbDo0hRwGaQ="></latexit>

Entropic optimal transport (tractable, suboptimal)

<latexit sha1_base64="ok4hPfRPqAknGf7tXSjaCfr04p4="></latexit>

• Hütter & Rigollet (2019): Estimator based on wavelets

• Deb et al., and Manole et al. (2021): Plug-in estimators

• Muzellec et al. (2021): Kernel SoS (tractable; high smoothness regime)

• Manole et al. (2021): 1-Nearest-Neighbor estimator (tractable, optimal)

• P. & Niles-Weed (2021):



The case for discontinuity
<latexit sha1_base64="lQS8j3W3NRHP+joykVPzHa9ip38="></latexit>

Suppose (A1) and T0 semi-discrete OT map,



The case for discontinuity

<latexit sha1_base64="nYQL3QghLfZd8Wk7fCMD5FkJYS8="></latexit>

EkT̂n � T0k2L2(P ) . n�1/2

<latexit sha1_base64="lQS8j3W3NRHP+joykVPzHa9ip38="></latexit>

Suppose (A1) and T0 semi-discrete OT map,



The case for discontinuity

<latexit sha1_base64="nYQL3QghLfZd8Wk7fCMD5FkJYS8="></latexit>

EkT̂n � T0k2L2(P ) . n�1/2

<latexit sha1_base64="lQS8j3W3NRHP+joykVPzHa9ip38="></latexit>

Suppose (A1) and T0 semi-discrete OT map,

<latexit sha1_base64="Niz/OE/n3ACjoDLxkIREf3qhsT8="></latexit>

Surprising! Why? Qn ' Q but Pn is still far from P !



The case for discontinuity

<latexit sha1_base64="nYQL3QghLfZd8Wk7fCMD5FkJYS8="></latexit>

EkT̂n � T0k2L2(P ) . n�1/2

<latexit sha1_base64="lQS8j3W3NRHP+joykVPzHa9ip38="></latexit>

Suppose (A1) and T0 semi-discrete OT map,

<latexit sha1_base64="Niz/OE/n3ACjoDLxkIREf3qhsT8="></latexit>

Surprising! Why? Qn ' Q but Pn is still far from P !

<latexit sha1_base64="4oLdmIyaaTyfPTdbGKQwglnEZmo="></latexit>

(minimax optimal)

<latexit sha1_base64="LmtTvHCuHaCGHJmoD61HlRv34Mg="></latexit>

• Manole et al. (2021): 1-Nearest-Neighbor estimator (su↵ers from c.o.d.!)

• P., Divol, & Niles-Weed (2023): Entropic optimal transport

<latexit sha1_base64="+Aol37ZJE2y4/Dg2+AyDOJ9PQwI="></latexit>

Rest of this talk: We will show



Unpacking the 1NN estimator



Unpacking the 1NN estimator

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Unpacking the 1NN estimator

<latexit sha1_base64="H1mWrMmqNB4qGYUe2IhdgPMDWw0="></latexit>

Discrete OT: compute Cij = kXi � Yjk22 and solve

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Unpacking the 1NN estimator

<latexit sha1_base64="H1mWrMmqNB4qGYUe2IhdgPMDWw0="></latexit>

Discrete OT: compute Cij = kXi � Yjk22 and solve

<latexit sha1_base64="RoWJt8CqmsIXAfziDt5Er8XjilU="></latexit>

min
⇧

h⇧, Ci s.t. ⇧ 2 DSn ✓ Rn⇥n
+

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Unpacking the 1NN estimator

<latexit sha1_base64="58TmmE43tg3Y9GBwLuhQ1sxLuwg="></latexit>

⇧̂ = argmin
⇧

h⇧, Ci s.t. ⇧ 2 DSn ✓ Rn⇥n
+

<latexit sha1_base64="H1mWrMmqNB4qGYUe2IhdgPMDWw0="></latexit>

Discrete OT: compute Cij = kXi � Yjk22 and solve

<latexit sha1_base64="DL4EsJpliq+ETttW9+Xr7lthqK8="></latexit>

⇧̂

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Unpacking the 1NN estimator

<latexit sha1_base64="58TmmE43tg3Y9GBwLuhQ1sxLuwg="></latexit>

⇧̂ = argmin
⇧

h⇧, Ci s.t. ⇧ 2 DSn ✓ Rn⇥n
+

<latexit sha1_base64="H1mWrMmqNB4qGYUe2IhdgPMDWw0="></latexit>

Discrete OT: compute Cij = kXi � Yjk22 and solve

<latexit sha1_base64="v23CeO3KpekGQYExc00tJjMveOA="></latexit>

• Need to store C 2 Rn⇥n
+ (i.e. costly)

• Runtime: O(n3) (i.e. slow)

• Estimator only exists in sample

<latexit sha1_base64="DL4EsJpliq+ETttW9+Xr7lthqK8="></latexit>

⇧̂

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Unpacking the 1NN estimator

<latexit sha1_base64="58TmmE43tg3Y9GBwLuhQ1sxLuwg="></latexit>

⇧̂ = argmin
⇧

h⇧, Ci s.t. ⇧ 2 DSn ✓ Rn⇥n
+

<latexit sha1_base64="H1mWrMmqNB4qGYUe2IhdgPMDWw0="></latexit>

Discrete OT: compute Cij = kXi � Yjk22 and solve

<latexit sha1_base64="v23CeO3KpekGQYExc00tJjMveOA="></latexit>

• Need to store C 2 Rn⇥n
+ (i.e. costly)

• Runtime: O(n3) (i.e. slow)

• Estimator only exists in sample

<latexit sha1_base64="DL4EsJpliq+ETttW9+Xr7lthqK8="></latexit>

⇧̂

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>

Q



Unpacking the 1NN estimator

<latexit sha1_base64="58TmmE43tg3Y9GBwLuhQ1sxLuwg="></latexit>

⇧̂ = argmin
⇧

h⇧, Ci s.t. ⇧ 2 DSn ✓ Rn⇥n
+

<latexit sha1_base64="H1mWrMmqNB4qGYUe2IhdgPMDWw0="></latexit>

Discrete OT: compute Cij = kXi � Yjk22 and solve

<latexit sha1_base64="v23CeO3KpekGQYExc00tJjMveOA="></latexit>

• Need to store C 2 Rn⇥n
+ (i.e. costly)

• Runtime: O(n3) (i.e. slow)

• Estimator only exists in sample

<latexit sha1_base64="DL4EsJpliq+ETttW9+Xr7lthqK8="></latexit>

⇧̂

<latexit sha1_base64="sn+pyIoI8JRUYLO4bgtnwKNuYcI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvOgtonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6wmV5rF8NOME/YgOJA85o8ZKD+V6uVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvsnJxXy3V7rI48nACp3AOHlxBDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDZeWNPw==</latexit>

P
<latexit sha1_base64="hMzhPqhbMI9WXZnbSaSEpRzVRus=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo4kXvQGUYQENmR26IUJs7ObmVkTQvgELx40xqtf5M2/cYA9KFhJJ5Wq7nR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHjzpOFcMmi0Ws2gHVKLjEpuFGYDtRSKNAYCsY3cz81hMqzWP5YMYJ+hEdSB5yRo2V7suNcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ip5rFa8y8pFo1qq3WVx5OEETuEcPLiCGtxCHZrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHZ2qNQA==</latexit>
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Our estimator: entropic Brenier map
<latexit sha1_base64="YraIEuyD6VKC8lHHBrv6ZkeHL3g="></latexit>

Sinkhorn’s algorithm: Iteratively fit marginals on the data (Xi, Yj)ni,j=1

<latexit sha1_base64="dCQ6sw/l0BVCjRDhdvE+xQqv8Lc="></latexit>

At optimality: on the data, (⇧")ij = exp(X>
i Yj � ('̂")i � ( ̂")j)

<latexit sha1_base64="eIDAnHRXbquVJsp/63raEKEX378="></latexit>

('̂")i = " log
⇣

1
n

Pn
j=1 exp(X

>
i Yj � ( ̂")j)/"

⌘

<latexit sha1_base64="sVRD2Lendmr5cLJdo72oCyAWm7o="></latexit>

( ̂")j = " log
�
1
n

Pn
i=1 exp(X

>
i Yj � ('̂")i)/"

�

<latexit sha1_base64="gjrzVrjDdAfVjXqZr3RQFcaNfhU="></latexit>

with the fixed-point relationship

(φ(1), ψ (1))
…

<latexit sha1_base64="aPcK8EP0d6QFDkfBaTmdsOW3XUc="></latexit>

('(0)
" , (0)

" )

<latexit sha1_base64="ygiZPEovFkqCCLCeR6ExSdlNrwU="></latexit>

('(0)
" , (1)

" ) <latexit sha1_base64="At+qGOdG295840ZvpEd+t7SJTZo="></latexit>

('(1)
" , (1)

" )
<latexit sha1_base64="TbjKgr8zjT3z+d/q92mb1lKZHO8="></latexit>

('(1)
" , (2)

" )
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At optimality: Can extend to functions OFF the data [NW21, MNW19]
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'̂"(x) = " log
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1
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Pn
j=1 exp(x

>Yj � ( ̂")j)/"
⌘
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 ̂"(y) = " log
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Pn
i=1 exp(X

>
i y � ('̂")i)/"

�
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Our estimator: entropic Brenier map
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Recall that we want to estimate a Brenier map T0 = r'0

<latexit sha1_base64="VUQYQ1lCw5JXLGxVZT918M/7VZU="></latexit>

Given '̂"(x) = " log
⇣

1
n

Pn
j=1 exp(x

>Yj � ( ̂")j)/"
⌘
, our estimator is

<latexit sha1_base64="YfKmaftBe1f8uSvQHvmDNNW1PJc="></latexit>

T̂(",n)(x) := r'̂"(x) =
Pn

i=1 Yi
e(x

>Yi�( ̂")i)/"

Pn
k=1 e(x

>Yk�( ̂")k)/"
2 conv({Y1, . . . , Yn})
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2D Visualizations
<latexit sha1_base64="dC4zixYE2Sq40rv8507J8pjhiI0="></latexit>

P = N (0, I2)
<latexit sha1_base64="XV2XOgCREnGTmSdI5mO/SeX9E9Y="></latexit>

P = Unif([�1, 1]2)
<latexit sha1_base64="u9+dUKx7fymlZcIa9n9CJRY10fM="></latexit>

P = Unif(B(0; 1))

<latexit sha1_base64="T2OIve4hhbBmWnn8u8QxFYdM9W8="></latexit>

T0(x) = ⌃1/2x+ a
<latexit sha1_base64="7yivoJQ4PkRk+KnlLJwHrDnJb80="></latexit>

T0(x) = exp(x)
<latexit sha1_base64="Mwf35/IrHsze45pUcu6AMhZ+ypc="></latexit>

T0(x) = x+ 2sign(x1)e1
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Semi-discrete optimal transport
<latexit sha1_base64="FtW9olkK+GNEEWIWjP1cxuql7Ig="></latexit>

P satisfies (A1) and Q satisfies (A2)



Semi-discrete optimal transport

<latexit sha1_base64="s0ohul/XyaTcgZ4s9o8Lq2skOtY="></latexit>
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• Computation: Kitagawa et al. (2019), Genevay et al. (2016), etc

• Statistical aspects: del Barrio et al. (2022), Hundreiser et al (2022), etc

• Entropic semi-discrete OT: Altschuler et al. (2021+), Delalande (2021)
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Hard to get on the basis of samples!
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EOT gives minimax estimation rates
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Theorem 1 (Informal) Suppose (A1) and (A2). Given i.i.d samples X1, . . . , Xn ⇠
P and Y1, . . . , Yn ⇠ Q, the entropic Brenier map is minimax optimal. Moreover,
the 1NN estimator su↵ers from the curse of dimensionality.
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• Lower bound (Le Cam’s method): inf
T̂

sup
Q2QJ

kT̂ � T0k2L2(P ) & n�1/2 ,

• Upper bound: EkT̂",n � T0k2L2(P ) . n�1/2 with " ⇣ n�1/2 ,

• 1NN su↵ers: there exists P and Q such that EkT̂1nn � T0k2L2(P ) & n�1/d .
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• Big picture: Our understanding of discontinuous maps is very limited

– Rates in general are entirely unknown

• This work: stepping-stone to understand general discontinuities

– Bridge computational tractability and statistical e�ciency

• Can the entropic Brenier map adapt to other forms of structure?

– Empirical results are promising

– Should be possible
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Numerics on synthetic data
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Case 2: data is randomly generated
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Recall T0(x) = argmaxj2[J]{x>yj � ( 0)j}; fix J = 10 and d = 50
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Case 1: data is from a regular grid



Stability bound
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1. Application of Prop 3.7 to the empirical measure Qn and Q
2. Young’s inequality with the fact KL  �2

3. Strong convexity of empirical semidual: VarQ( " �  0
") . �2(Q0kQ)

4. Finally, a calculation gives E[�2(QnkQ) . n�1.
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