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1 Primer on optimal transport

1.1 Transport maps

Take two probability measures p and y, which we will respectively call the source and
target measures. Our first notion of transport is through maps.

Definition 1.1 (Transport maps). For p, u € P(IR%), the set of transport maps from p to u
is

T(o,u) ={T: R 5 RY|X ~p,T(X) ~ u}. (1.1)

Equivalently, T is a pushforward from p to p, written Tyo = p.

To further motivate this definition, consider the following simple example:

Exercise 1.1. Let p = N(0,1) and u = N (m, c?). Two possible transport maps from p
to u are

T(x)=m=+ox.

Indeed, if X ~ p, then one easily sees that T(X) ~ p (the minus sign makes no differ-
ence as the standard Gaussian distribution is symmetric). Similarly, in RY, we have

T(x) =m+x2x,

as possible maps from N (0, I;) to A'(m, %), where S — S'/2 is the matrix square-root.

1.2 The Monge problem

The minus sign in Example 1.1 should raise a small red flag. While the sign flip is “al-
lowed”, in the sense that the resulting random variable is still distributed according to y,
the act of flipping the sign of the (input) random variable seems potentially superfluous.

Exercise 1.2. To see that Ty(x) = m + ox is “more optimal” than if we included the sign
flip, compute the cost of displacement with respect to the (squared) Euclidean cost:

Exo(X — To(X))* = m* + (1 —0)?.
A similar computation for the seemingly “suboptimal” mapping reads
Exo(X — (m—0X))* =m*+ (1+0)*.

Clearly, the cost of the first map is less than that of the second for all ¢ > 0. One can
readily extend this argument to IR“.




We now define a class of optimal transport maps: maps in 7 (p, #) which minimize the
cost of displacement.

Definition 1.2 (Optimal transport map). An optimal transport map between p, u € Po(R?)
is the solution to

Ty € argmin / Lx = T(x) [ do(x), (1.2)
TeT (o)

where (1.2) is called the Monge problem.

1.3 Couplings

What are some caveats to working directly with transport maps?
First, the set T (p, 1) is non-convex, and thus the Monge problem (1.2) is non-convex.
Second, the set of transport maps might not even be larger than the empty set. Indeed,
suppose our source distribution was a Dirac mass at a single point

p:(sxl

then any mapping x; — T(x7) outputs a single value. This causes problems for existence
of a transport map as soon as the target is even a mixture of Diracs, say

p= %51/1 + %%-
Indeed, a mapping can only send x; to one of {y1,y>}.
To remedy the situation, we will now work with plans or couplings, in place of maps.
This gives us the flexibility of “splitting” the mass of a source particle to multiple points
in the target space. Figure 1 illustrates this phenomenon with three points in the plane.

Definition 1.3 (Couplings). For p, u € P»(IR%), we write T'(p, 1) to be the set of couplings
between p and u

T(o,p) = {me PR xR | (A xR =p(A),n(R? x A) = u(A)}. (1.3)

Notice that the set of couplings always includes the independent coupling

Tlind = P O} -
Of course, if there exists a deterministic function T : RY — R such that Tip = p, then a
candidate coupling is
T = (id, T)ﬁp .

Thus, the set of couplings is strictly larger than the set of transport maps. Even stronger,
one should think of the set of couplings as a “convexification” of the set of transport maps;
see the following lemma.
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(a) A map chooses one destination. (b) A coupling splits the mass.

Figure 1: A map cannot split an atom, whereas a coupling can.

Lemma 1.4. For two measures p, yu, the set of couplings I'(p, u) is a non-empty, convex, and
compact set (with respect to the weak topology).

Proof. In class. O

1.4 Kantorovich relaxation and dual formulation
1.4.1 The 2-Wasserstein distance and general costs

As with the Monge problem and transport maps, we now have infinitely many couplings
to choose from. Taking the optimization route, we arrive at what is known as the (pri-
mal) Kantorovich formulation of optimal transport [Kan42], which we use to define the
(squared) 2-Wasserstein distance.

Definition 1.5 (2-Wasserstein distance). For p, u € P,(IRY), the optimal transport distance
under the squared-Euclidean cost between p and  is given by

W3p )= inf [ [ dlx—ylPdn(x,y) (1.4
nel (o)

where we recall that I'(p, #) is the set of couplings between p and y. Throughout these
notes, W, denotes the usual Wasserstein distance; the quadratic transport cost with
c(x,y) = [|x — y|? is therefore ;W2 (p, ).

If we now observe that the functional
m [ 1] dr

is lower semicontinuous, and the set of couplings is non-empty, compact, and convex, we



arrive at the following theorem that justifies the use of (1.4) as the definition of the 2-
Wasserstein distance.

[Theorem 1.6. If p, u € Po(RY), then (1.4) admits at least one minimizer . ]

In many applications, the cost of interest will not be the squared Euclidean distance.
Following the definition of 2-Wasserstein, we write

We(p, 1) == inf // c(x,y)dn(x,y),

el (p,u)

for suitable costs ¢ : X x Y — R U {+00}. An important class is the set of W), distances
for p > 1, written

Woo,p) = int [ lx =yl dnloy).

(Important: the norm is still the Euclidean norm, just raised to the power p!)

1.4.2 The Wasserstein space is a metric space

Importantly, the 2-Wasserstein distance defines a metric on the space of probability mea-
sures with finite second moment P (IR%).

[ Proposition 1.7. The Wasserstein space, denoted W := (P> (IR%), W), defines a metric space. ]

Exercise 1.3. Use Holder’s inequality to prove that for 1 < p < g it holds that
Wy (u,v) < Wy(p,v).

1.4.3 Duality

Following our intuition from the finite-dimensional programming, we suspect that the
Kantorovich problem admits a dual formulation.

s N

Proposition 1.8 (Kantorovich dual). For p, u € P2(IR?), the dual Kantorovich problem is
the following constrained maximization problem

sW3 (o, 1) = up /fdp+/gd# st f(x)+g) < sllx—ylPVry. (15)
feLl'(p
geL( u)

|\ S/

Proof. We start by rewriting the marginal constraints (the set of couplings) in terms of
their Lagrange multipliers. Indeed the marginal constraint for p is equivalent to

[ Fydntey) — [ £x)do(x) = 0 (16)

7



over all f € L!(p), the space of p-integrable measurable functions, and analogously with
¢ € LY(u) for the second marginal. From these definitions, using (f, ) as the two La-
grange multipliers, we have that (1.4) is equivalent to

inf [[3)x- denxy)
+ sup ([ f(x)d(p(x) = m(x,y) + [ ) d(uly) = m(x,1)))

feLl(p)
geLll(u

We can move the supremum to the left of the first integral, and group together like-terms
to obtain

inf sup /fdp+/édu+/7 3llx =yl = £(x) — g(w)) dc(x,)

7'(>0 f Ll
g€l (u

Taking for granted the interchange of the supremum and infimum, moving the infimum
inside yields

:Ep /fdp+/gdu+mf// (zllx = yl> = £(x) — g()) dm(x, y) -
geL1

To conclude, it suffices to observe that if the integrand on the right is ever negative, one
can take 7t to drive the value of the optimization problem to —oco (which we do not want).
This motivates the desired constraint

f(x)+8y) < 3llx—yl?,

which must hold for all (x,y). Under this constraint the inner infimum vanishes, result-
ing in the given dual formulation.
O

We conclude with a definition for the optimal maximizers of (1.5).

Definition 1.9 (Optimal Kantorovich potentials). We write the maximizers to (1.5) as
(fo, 80), which are called (optimal) Kantorovich potentials.

1.4.4 Semi-dual

Looking again at the dual Kantorovich problem, we can make the following adjustments
to the objective function: let m3(p) := [ || - ||*> dp and similarly for y, then (1.5) is

m3(0) + 3m3(0) + [ (F=31- 1P do+ (=31 1) dn,

N[—



with the constraint written as
GlI-IP=HE)+ Gl 12 =2)W) = ().
Making the substitutions
(e 9) = GlI-1P=f,31- 17~ 8),

then (1.5) is equivalently written as (up to additive constants)

zor}llf/quﬁ/l/fdﬂ st @(x) +¥(y) > (xy). (1.7)

Let’s fix ¢ and consider this only as an optimization problem in ¢. This is a minimization
problem, and the constraint now reads, for all y € R¥

v(y) > (v y) —o(x).

In particular, we can take the supremum over all x on the right-hand side, which is pre-
cisely the definition of the convex conjugate of ¢.! We can swap this into the objective
now, since it only makes the objective function smaller—but the objective is now free of
1 entirely! Repeating this procedure leads to yet another formulation of the Kantorovich
problem.

Definition 1.10 (Kantorovich semidual). The semidual formulation of the Kantorovich
problem is

2W3(p 1) = 3m3(p) + 3m3 () — inf S™(p), (1.8)
where we write
S () = /(Pdp+/qv* du, (1.9)

and the optimization is taken over proper, lower semicontinuous, convex functions ¢.

1.5 Brenier’s Theorem and generalizations

The semi-dual formulation (1.9) leads into one of the most influential theorems in opti-
mal transport, due to Brenier [Bre91]. It connects the primal Kantorovich problem, the
semidual problem, and the Monge problem, all in one statement.

For a function f : R — R U {400}, the convex conjugate is written f*(y) = SUP,cqom(f) L (4, Y) —

f(x)}



4 N\

Theorem 1.11 (Brenier’s theorem). For p, u € P,(IRY) with p absolutely continuous, the
(p-a.e. unique) optimal transport map Ty between p and y exists and is given by the gradient
of a proper, lower semicontinuous, convex function, namely

To = V¢ (p-ae.)

where @q is the minimizer to (1.8), called a Brenier potential. Moreover, the optimal plan T is

given by

Y = (id, To)ﬁp . (1.10)

The key assumption in Brenier’s theorem is that the source distribution must have
a density, which rules out the pathological Dirac mass example from earlier. In brief,
once there are “enough” points that can move from p to y, we have enough freedom to
uniquely and optimally transport mass.

Proof. Let mp be the optimal transport plan between p and y, and let ¢ be the optimal
Brenier potential. Rearranging the semi-dual formulation, one arrives at

[ #0x)dox) + [ o) duty) = [ (xy) dmo(xy)

Since g € T'(p, i), we can further write the above as

[ (90(x) + i (w) = (x,)) dmo () = 0. (1.11)

Notice that, by the Fenchel-Young inequality, the integrand vanishes mp-almost every-
where. For a pair (xg,y0) € supp(mp), it then holds that

¢o(Y0) = (x0,¥0) — po(x0)-
By definition of convex conjugacy, we have that for every x
{x,0) — @o(x) < (x0,y0) — @o(x0) == o(x) = po(x0) + (o, x — x0),

which implies that yg € 0@ (xp), i.e., yo lies in the subgradient of ¢g at x(. As @g is convex
and p has a density with respect to Lebesgue measure, we have that ¢ is differentiable
p-almost everywhere on its domain and, moreover, by the marginal constraint, we have
that for mp-almost every (x,y)

y=Veo(x).
This implies that 71y is concentrated on the graph of Vgy, ie., mp = (id, V)30, which
completes the claim. O
1.5.1 Gaussian to Gaussian case

In the case of optimal transport between Gaussians, a closed-form expression is available
for the optimal transport cost and transport map.

10



4 N\

Theorem 1.12 (Optimal transport between Gaussians). Let p = N (mp,X,) and p =
N (my, %) with £, > 0. Then

W3 (o, 1) = 3limy — m|1> + 3 6(Z, + Zy, — 2(55/28,55/%)1/2), (1.12)

and the optimal transport map is given by

To(x) = my + £, V22125, S V2512 (4 — my)

(. J

Proof. We first make the ansatz that the optimal transport map will be affine, i.e., of the
form Ty(x) = my + A(x — m,) for some symmetric positive semidefinite matrix A (other-
wise Brenier’s theorem will be violated). Then the pushforward condition is equivalent
to

T _ _
AL A =AY, A=Y,
Writing B = Z},/ ZAZ},/ 2, it is easy to verify that we obtain
_ v-1/2(y1/2y y1/2\1/25—1/2
A =208, 0) R

Since this is a positive semidefinite matrix, the proof is complete. O

1.5.2 Optimal transport and Brenier’s theorem for general costs

Let c : R x RY — R, be a lower semicontinuous function; for simplicity take c(x,y) =
h(x —y) for any strictly convex function /. Recall the optimal transport problem in this
case is

We(p, i) = inf // c(x,y)dn(x,y). (1.13)

nel(p,u)

We also have a dual representation

We(o,u) = sup DFF(f,g) (1.14)
feLll(p)
gEL (p)
with
DPE(f,8) /fdp+/gd# st f(x)+g(y) <clxy), (1.15)

where again the inequality holds almost everywhere.

Pattern-matching with the squared-Euclidean cost (which can be neatly rewritten in
terms of the inner product cost), we can equivalently define the c-transform of a function
as

) = inf{e(xy) - ()}

11



Note that replacing this in the dual objective only makes the supremum bigger. Repeating
this gives

fe) = () () = imf{eoy) ~ F )}
Then, as in the semi-dual case, we can rewrite the dual problem as

We(p, p) = sup /fdp+/fcdu, (1.16)
FeLL(p)

where the constraint is now embedded in the definition of the problem.

Exercise 1.4. Show that the total variation distance can be expressed as a Wasserstein
distance for a particular cost.

[GM96] extended Brenier’s result to the optimal transport problem for these general
costs. We state a version of their result below.

~

 Theorem 1.13 (Gangbo-McCann theorem). Under suitable conditions on c, for p €
Pac(RY) and pu € P(R?), the (p-a.e. unique) optimal transport map T, between p and u
exists and is given by

T.(x) == Vic(x,) Lo Vf(x) (po-ae.) (1.17)

where f. is the maximizer to (1.16).

. J

For translation-invariant convex costs as we mentioned above, i.e., c(x,y) = h(x —y)
with h strictly convex, we obtain the following corollary.

4 N\

Corollary 1.14 (Translation-invariant convex costs). Under the assumptions of Theo-
rem 1.13, for c(x,y) = h(x —y) with h strictly convex, the optimal transport map is given

by
Th(x) =x— (Vh*) o Vfu(x), (1.18)

where h* is the convex conjugate of h, and fy, is the maximizer to (1.16) under the cost function
above.

1.5.3 Paths defined by optimal transport maps

Optimal transport maps define a convenient mapping which sends one probability dis-
tribution to another. It is natural to ask how such mappings might give rise to a notion of
paths between probability distributions.

For example, taking x,y € R? with the usual (squared)-Euclidean distance, the short-
est path from x to v is, for any f € [0, 1]

xe=(1—t)x+ty.

12



t=0 t=0.25 t=05 t =0.75 t=1

Figure 2: Mixture interpolation (top) versus displacement interpolation (bottom).

If we now replace two points in R? with two probability measures with density, we can
also ask to define a notion of path or interpolation between them. For y,v € P; 4. (RY),
one such interpolation is

jr=(1—-tu+tv. (1.19)

This formulation, however, does not take advantage of optimal transport maps. A more
natural interpolation is defined at the level of the random variables, where for Xy ~ u and
optimal transport map TH"

X; = (1 — t)X() + tTVU(Xo) ,
where we define y; := Law(X;). At the level of the measures, this displacement becomes
ue= (T} )y = (1 — t)id + tT" ). (1.20)

For example, if i, v are both Gaussian measures, then one can check that (1.20) and (1.19)
are not the same: j; is always a Gaussian for any t € [0,1] whereas ji; is a mixture of
Gaussians. These two interpolations are visualized in Figure 2.

1.6 The univariate case

We now consider the special case where the source and target measures are univariate.
Similar to the Gaussian case, we also have “closed-form” expressions for maps of a certain
kind, as well as a delicate isometry property as a result.

1.6.1 Closed-form expression of maps

Recall that for a probability measure p, its cumulative distribution function (CDF) is

Fy(t) = /_:o do(x) =P,(X < 1), (1.21)

13



(a) Source measure CDF (b) Target measure CDF (T = F; 1o Ep

Figure 3: Illustration of the univariate OT map between a Gaussian and Gaussian mixture.

where F, : R — [0, 1]. By design, F, is a nondecreasing function. The (pseudo)inverse of
a CDF, called the (generalized) quantile, is
F, M (u) = inf{x € R : Fy(x) > u}, (1.22)

where F° 1:]0,1] — RU{+0c0}. Note that when p has a nice density, the generalized
quantile is simply the quantile function of p. Moreover, F,’ !is also a nondecreasing func-
tion.

From here, we can prove the following result, which gives a general recipe for obtain-
ing closed-form expressions of optimal transport maps between univariate probability
measures; see Figure 3 for an illustration.

Theorem 1.15 (Optimal transport maps in 1D). Let p, u € P(R) with densities. Then the
Brenier map from p to u is given by

TPF =F 'oF,. (1.23)

Proof. First, one should check that F,~ 1o F, is a valid pushforward map from p to . This
follows from two facts:

e for X ~ p, F,(X) ~ Unif([0,1]),
o for U ~ Unif([0,1]), it holds that F, ' (U) ~ p.

To be a Brenier map, it remains to check that F,’ 1o F, is the gradient of a convex func-
tion, as such maps are unique. Over R, this is simply asking that the function is itself
nondecreasing, which is easy to verify. O

Exercise 1.5. Fill in the remaining details of Theorem 1.15.

14



1.6.2 Isometry property

From Theorem 1.15, we know that the cost of transport is

%WZZ(PI.”) = %Hid - Fy_l © FPH%Z(p) = %HFp_l - F;:1|’%2([0,1]) ,
where the second equality is nothing but a change-of-variables. This is just to say that, in
1D, the Wasserstein space with distance W, embeds isometrically into L2([0,1]). Said dif-
ferently, p — F, ! embeds (P2(R), W) isometrically into (L*([0,1]), || - ||2). As we'll see
shortly, this property is deeply rooted in the univariate nature of the probability measures
in question.

1.6.3 Sliced Wasserstein distances

We now describe the sliced Wasserstein distance, an offshoot of univariate optimal trans-
port. For §# € S%71, let my : RY — R denote the projection 7y(x) = (x,6), and set
po = (79)40 € P2(IR). The definition is given below

Definition 1.16 (Sliced Wasserstein distance). For p, i € P»(IRY), the sliced Wasserstein
distance is

ESW(o, ) = [, AWE (oo ) daia (0), (1.24)

S
where ¢;_; is the uniform probability measure on $?~!. Equivalently, by the 1D isom-

etry (Section 1.6.2),

1SWi(p, ) =/

1 -1 —172
gir 21 Fos = By 1207y d0a-1(9) -

4 N\

Proposition 1.17. SW) is a metric on P>(RY).

1.7 On the stability of optimal transport maps

Note that a trivial coupling argument always implies that
W3 (o, 1) < 3IITY =T W[

for any probability measure y with density. (Here the transport maps need not be opti-
mal.) The right-hand side is known as a linearization of optimal transport (with respect
to v). A question of theoretical, statistical, and computational relevance is therefore the
stability of (optimal) transport maps: for what a € (0, 1] does the following hold

1770 = TV 2y < CW3 (o, 1), (1.25)

where C > 0 is some constant that ought to depend on <y, and mildly on properties of p
and yu (e.g., the size of their support).
In the univariate case, (1.25) is an equality with C = a = 1.

15



1.7.1 A first instability result

Our goal here is to provide a setting where the 3-Holder exponent is tight for the stabil-
ity of optimal transport maps. The original example is presented in [Gigl1], though we
present the proof from [MDC20].

Let p = Unif(B(0,1)) in R?, and write ptg = 3(J¢, + 6_¢,), where ey := (cos(6),sin(6)).
For 6 = 0, this returns two atoms along the horizontal axis of the ball; we call this discrete
measure yo. For 0 < 0 < 7/2, pg is merely a rotation of i along the perimeter of the
ball. For all 6 € [0, 7t/2], the optimal transport map is given by

To(x) = TP7H(x) := egsign({x, eg)) (1.26)
The first step is to verify that
W3 (o, o) < 36°.

This follows from the fact that a transport map from pg to py is given by the standard
rotation matrix, and then a Taylor expansion. Next, lower-bound the quantity in question:

0
ITo—Toll2) = | lleo +eoll*dp(x) 2 20(Dy) =, (1.27)

where Dy := {x € B(0,1) | x"eg <0, x"eg > 0}. So it follows that
| Tg — T0||%2(p) 202 W2(1”9/,u0)/

which completes the claim.

1.7.2 Some positive stability results

We state the following results without proof. The first two results impose increasing
regularity assumptions on one optimal transport map, resulting in improved stability.

( N\

Theorem 1.18. [Gig11] Let 'y have a density and compact support, and let o, u € Pp(IR%)
both have compact support. If TY P is L-Lipschitz, then

| TY P — TY_WHL%,) < \/ZL diam (supp(v)) Wll/z(P/Pl)-

. J

 Theorem 1.19. [MBNWW?24] Let vy, p be such that TY™F is bi-Lipschitz i.e.,
(I <VTY 7P <LI.
Then for any u € Pp(IRY)

ITY7F = TY7H|2(y) < VL/EWa(p, 1)
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The next theorem is the latest state-of-the-art result pertaining to the stability of opti-
mal transport maps with minimal regularity assumptions.

( )

Theorem 1.20. [Mér26] Suppose v € Pac(R?) over a convex compact set, with density
bounded above. Let p, y be supported on a convex compact subset of R%. Then

TV — T2 M| 2y S W (o, 1),

where the constant depends on the dimension, and the radius of the supports of v, p, .

L J

1.8 Statistical optimal transport

In many applications, the source and target measures are not directly available to the
practitioner. Instead, our goal will be to estimate various quantities on the basis of sam-
ples: given Xy,..., X, ~ pand Yy,..., Y ~ u, how large does n have to be in order to
meaningfully estimate W2 (p, u)? What about estimating optimal transport maps?

1.8.1 Preliminaries

The proofs in this chapter will rely on basic applications of empirical process theory and
chaining. Specifically, we will be interested in characterizing the behaviors of quantities
such as

7

Esup [Xf| = lEsup‘/fd(P - D)
feF feF

where P, is an empirical measure of P (written P, = nt i1 0x, for Xy,..., X, ~ P),and
J is a suitable function class. The term X is known as an empirical process, and the class
JF can be as simple or complicated as the problem requires.

The simplest example would be if F consists of a single function, in which case the
estimation rate would be parametric. For a larger function class, we recall the basic defini-
tion of the (log-)covering number of a set, which describes the complexity of the function
class by the number of functions required to cover the class:” for T > 0

N(t, F) = inf{|Fn| : Fy is a T-covering of F}.

We will then control the empirical process using the following version of Dudley’s (im-
proved) chaining technique.

[Proposition 1.21. Let F be a class of real-valued functions over QO C R?, and suppose there]

We call F = {fy,..., fn} a T-covering of a function class F defined over Q if for all f € F, there exists
ani € [N]such that [|f; — flli~q) < T
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exists D > 0 such that |||~ () < D forall f € F. Then
< g —1/2 b
N0<1g1£D{(5—|—n /5 \/1og(N(t, F)) dr}.

1.8.2 Statistical estimation of Wasserstein distances

Esup| [ £d(u— )

feF

Recall the setup: given X3, ..., X, ~pand Yy,..., Y, ~ u, how large does n have to be in
order to meaningfully estimate %sz(p, 1)? Recall the notion of empirical measures

1=

S|

Sy, .

1

O0x. and up ::%

n
1
i=1 i

Pn =

Il
—_

We will prove the following theorem.

Theorem 1.22. Tuke p, 4 € P»(IR%) with compact support in B(0, R). Then
n-1/2 d<4,
E|3W3 (0n, 1tn) — W3 (0, 1)|Sa R2 =12 log(n) d =4, (1.28)
n—2/d d>4.

For simplicity, let us assume full access to p and access to n i.i.d. samples from yu, with
both measures supported in B(0, R). We begin by recalling the dual formulation:

2W3(p: in) = 3m3(p) + 313 (tu) — inf 57 (g),

and similarly for %sz (o, 1), where @ is the space of nice convex functions. We need some
notation: for any P and Q, define

@' == argmin ST9(¢).
¢

Then it holds that SP#= (@PHn) < SPHn(@PH) for instance.
Then we can upper bound the estimation gap as follows

E|3W3 (0, 1n) — 3W3 (0, )| < 3E| [ || - 12 d(pt — pn)| + E|SPH(@PH) — SPHn (@PPn)| .

It is easy to believe that the first term on the right-hand side scales favorably, with
E[ [ -2 d(p = pn)| < RPn™12,

which follows from Cauchy-Schwarz. (Indeed, we can bound this expectation by
v/ Var(||Y||2)/n < R?/+/n.) For the second term, we require the following lemma, which

relates the difference in semidual values by a suitable empirical process.
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[ Lemma 1.23. Suppose p, i € P(B(0,R)). Then

E| 57 (#) — 8 (g#)| < B sup | [ 9 — )|,
pedr

where Dy is the set of convex, R-Lipschitz functions on B(0, R) with ¢(0) = 0.

. J/

Proof. Writing a = ¢°* and b = ¢f#7, define the gap
A = SPF(a) — SPH(b).
By optimality of the minimizers 4 and b, it is easy to derive the “sandwich” bound
/ﬂ*d(ﬂ—un) <A< /b*d(u—ﬂn),

which implies that

a] < max{| [ a*d(u—pn)],| [ 6 dle— )|}
Notice that on compact supports, we may choose conjugate pairs by taking successive
conjugates restricted to B (0, R); in particular, we can write

¥v(y) = sup {{(x,y) —9(x)},

x€B(0,R)

which implies that ¢ is convex and R-Lipschitz, and, without loss of generality, may be
centered. These properties define the function class ®g. This completes the proof, as

/b*d(ﬂ—ﬂn) \/tﬁd(#—un)

7

Al < max{‘/&l* d(p — pn)

}S sup
Ppedyp

Our bound is now

EXW3(p, pin) — sW3 (0, )| < E suq]? ‘/ od(it — )| + O(RZ1/2).
QDR

We proceed by employing the following covering number bound from the statistics liter-
ature.

Theorem 1.24 ([GS12]). Let ® denote the set of convex, R-Lipschitz functions on B(0; R)
with ¢(0) = 0. There exist constants C1, Cy > 0 that depend on the dimension d such that for
T/ R? < C

log N(7, @R, || - ||eo) < Co(T/R%)74/2,
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Proof of Theorem 1.22. Rescaling the function class, we can apply Dudley’s bound with
D = R?, resulting in

]Esup) ed(p—uy)| S inf 5—|——/ \/10g (t, DR, || - Hoo))dr}

pedy 0<6<R2
= 2 — 2
R oi?£1{5+ / \/log (R2T, Dy, || - IIoo))dT}
1
< 2 - —d/4
R g fo+ 7o [ vtar)
R2p—1/2 d<4,
= ¢ R?n"12log(n) d=4,
Rzn—Z/d d > 4,

1.8.3 One-sample map estimation

Suppose we have full access to the source measure p and only ni.i.d. samples Y7,..., Y}, ~
u, and our task is to generate new samples that are distributed according to y. By Brenier’s
theorem, we know that if p has a density (e.g. the standard normal distribution), then a
unique optimal transport map Tj exists between p and u. Thus, if we were able to get an
estimator Ty of the optimal transport map, we can simply sample points from p and push
them according to this learned map in order to generate new points.

Under suitable assumptions, [HR21] proved that there exists an estimator that achieves
the following estimation error

E|T —Tolffy,) S n 55 logh(n) v, (129)

where Ty € C*, and moreover that this rate is minimax optimal up to logarithmic factors.
Since then, multiple works have expanded upon theirs, resulting in simpler estimators,
simpler proofs, and less stringent assumptions.

We present a much simpler result that can be easily proved using the stability bounds
stated above.

~

Theorem 1.25. Suppose p and y are probability measures with densities supported on B(0, R),
the optimal transport map Ty is L-Lipschitz, and let u,, denote the empirical measure of y from
n i.i.d. samples. Then there exists an estimator T,, such that

n—1/4 d<4,
E|| T — Toll22) S { n /4 /log(n) d =4, (1.30)
n—1/4d d>4,
where the suppressed constants depend on L, d, and R.
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Proof. Set T, := TP~#, the optimal transport map from p to the empirical measure i,,. By
the stability results above and Jensen’s inequality, we have

~ 1/2
E||T, — TOH%}(p) S EWa (pn, 1) < (]EWZZ(A””'V)) '

We conclude by applying Theorem 1.22. O

1.9 Algorithms
1.9.1 Optimal transport as a linear program

As previously mentioned, the source and target measures are rarely available in closed-
form, as we often merely have access to samples from the two measures. In this case, we
can write the optimal transport problem (for any reasonable cost function) as a simple
linear program, as first proposed by [Kan42].

~\

( Proposition 1.26. For X;,..., X, ~ pand Yi,..., Yy ~ u, the finite dimensional Kan-
torovich problem (1.4) for the empirical measures p, and py, is the following linear program

W2 (on, tim) = Hg};“m (C,II) st I, =411,,1171,=11,, (1.31)
+

where 1, (resp. 1) is the vector of all ones of size m (resp. n) and C € R'"" with Cj; =
31X = ;1% for all (i, j) € [n]  [m].

J

At the time it was first written down, linear programs were not implementable in any
reasonable sense. A range of methods have since been proposed, such as the simplex
method, the Hungarian algorithm, etc. We encourage those interested to consult [PC19,
Chapter 3], though we will not discuss these algorithms in any detail. Instead, we pro-
vide the following code snippet which illustrates how to use the POT (Python Optimal
Transport) package for computing plans and costs [FCGA+21].
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Algorithm 1 Discrete optimal transport with POT

Input. Arrays X = (X3,...,Xn) and Y = (Y3,...,Yy) containing the atoms of the empir-
ical measures p, = - Y7 | 6x. and py = Y% Oy, respectively.

import numpy as np
import ot

n, m = len(X), len(Y)
a, b
C = ot.dist (X, Y, metric="sgeuclidean") / 2

np.ones(n) / n, np.ones(m) / m

plan = ot.emd(a, b, C)
ot.emd2 (a, b, C)

cost

To close this section, we give the runtime complexity of the network simplex algo-
rithm, due to [Tar97]:

Theorem 1.27 (Kantorovich linear program runtime). The discrete Kantorovich linear pro-
gram (1.31), which has mn variables and n + m equality constraints, can be solved in time

O((n+m)nm).

1.9.2 Univariate optimal transport via sorting

In 1D, the discrete Kantorovich problem admits a closed-form solution via sorting. Given
n iid. samples Xi,..., X, ~ pand Yy,...,Y, ~ ponRR, let X(l) < ... < X(n) and
Y1) < ... < Y(,) denote the order statistics. Note that computing these quantities takes
O(nlogn) time. The following result tells us how to make use of these sorted values.

~

Proposition 1.28. Let o, € P(R) and let Xy,..., Xy ~ pand Yq,..., Yy, ~ u, writing
their empirical counterparts as p,, and i, respectively. Then the optimal transport cost between
the two empirical univariate measures is given by

1=

1 2
W3 (0, pin) = o (X —Y)”- (1.32)

1
. J

I
sy

The connection to sorting is related to the following more general result regarding the
monotonicity of optimal transport plans (which follows from Kantorovich duality).

[Lemma 1.29 (Monotonicity of optimal transport plans). Let 7 be an optimal tmnsport]

22



plan for cost c. Then for any ((x;,y;))", in the support of 7, it holds that

n

n
Z C(xi/]/z Z e\ X, yz—H Yn+1 = Y1
i=1 i=1

Proof of Proposition 1.28. Letting ¢ be the quadratic cost, then Lemma 1.29 states that for
any (x,y) and (x/,y') in the support of 7, it holds that

(x=x)y-y) =0.
So,if X(;y < X(;), then it must be that Y,(;) < Y(;), else the monotonicity relation does not
hold. O
1.9.3 Sliced Wasserstein distances via Monte Carlo

Leveraging the O(nlogn) runtime for computing univariate optimal transport distances,
we can now easily compute Sliced Wasserstein distances via Monte Carlo approximation.
First, recall that

3SW3(p, pt) = /Sd 5W3 (0o, ptg) dog1(6) -
A natural estimation procedure is the following: Given the fixed samples
1. sample 6y, ...,0; ~ Unif(S%~1) by drawing Z; ~ N(0, I;) and setting 6, = Z;/|Z;|,
2. for each | € [L]: form projections X! = (X;,6;) and le = (Y, 0), sort each, and
compute JWE((pn)ay (k) = 2 Ty (R0, — V1, 2,

3. return 1SW3 = L YL LW2((0,)q,, (1tn)e,)-

The total runtime is O(L(dn + nlogn)). By the law of large numbers, for fixed empirical
measures,

2
%SWZ — %SW%(pn,yn) as L — oo,

with Monte Carlo error of order O(L~1/2).

1.9.4 Estimating optimal transport maps

Nearest-neighbor estimator. The most direct approach is to first solve the discrete Kan-
torovich problem and then use the resulting optimal plan I'ly to define map values on the
observed source samples. Since the ith row of Il has total mass 1/n, the quantities

THO =n 2 1_[0 if (133)
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are well-defined points in the convex hull of the target samples. This construction is called
the barycentric projection of the optimal plan. Equivalently, nl1y ;; can be interpreted as the
conditional probability of sending X; to Y}, and THO (X;) is the corresponding conditional
mean.

~

Proposition 1.30. Let IT be any feasible transport plan for (1.31). For every i € [n],
qi = (I’lHil, 000 ,nHim) AR

Thus Tri(X;) = 271:1 qi;Y; is the conditional expectation of the target location under the con-

ditional law induced by I1. In the special case n = m and I1 = %Pg for a permutation matrix
P, this reduces to

|\ J

The barycentric projection only defines the estimator at the observed points Xj, ..., X.
To evaluate the map at a new point x, a simple extension is nearest-neighbor interpola-
tion:

in(x) € argmin|lx — X;||,  Tan(x) = Ty (Xi,(0)) - (1.34)
ie[n]

Thus, Tan is piecewise constant on the Voronoi cells generated by the source samples.

Estimators based on neural networks. An alternative is to choose a parametric family
of (convex) functions

{9 : R? = R}gco

and estimate the Brenier potential by optimizing over 6. The learning problem is then

m

n
6 € argmin L(0) := argmin{% Y po(Xi)+ %Y q?;(Y])} . (1.35)
0@ 0@ = =

If one could solve this optimization problem, the resulting estimator would be the para-
metric Brenier map estimator

Thet(x) == Vg(x). (1.36)

One can choose an expressive neural network to parametrize ¢y, with the goal of updat-
ing the parameters 0 via simple (stochastic) gradient descent methods. Here, computing
VL involves differentiating through the conjugate ¢, which is itself defined as a max-

imization problem. To deal with this, we will make use of the following theorem; see
[Amo22].
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4 N\

Theorem 1.31 (Envelope theorem). Let U C IRP be open and let F : U X R? — R be twice
continuously differentiable. Suppose that F(6, -) is uniformly strongly concave, and define

V(0) := maxF(0,z), zp = argmax F(0,z) .

d
zER' z€R4

Then zg is unique, V is continuously differentiable, and

VQV(Q) = VQF(Q,ZQ) o

L J

We apply the theorem assuming that ¢y satisfies the required regularity and strong
convexity conditions. For example, given an input-convex network [AXK17], one can
add %||x||2 (for A > 0) to the output to enforce strong convexity. The first-order condition
is then

zo(y) = argmax{(y,z) — ¢o(2) }, Vo(zo(y)) =y

zeR4

Now if we differentiate the loss, we obtain

1 m
VeL(0 Zve% - Y (Vogo) (zo(Y))),
iz j=1

which allows us to perform gradient descent on the parameters

Orr1 = Ok — 1k VoL (6x), Mk > 0.

Computing conjugates for high-dimensional functions can be costly and undesirable.
The main idea of [Amo022] is to accelerate these steps via amortization: train a separate neu-
ral network to predict zy(y) from y, and use the prediction to warm-start the numerical
solver that performs the conjugate operation.

1.9.5 Application: Fréchet Inception Distance (FID)

When generative modeling first started making initial progress, a fundamental question
was to devise quantitative metrics for discerning the quality of a generated image. To
make this more precise, let 4 be some distribution of interest and let yy be a generative
model (an object that, upon querying, returns samples Y ~ 1) that is meant to closely
approximate y. How can we determine that g is indeed close to u at scale?

The answer proposed by the community was the Fréchet Inception Distance (FID),
which compares two collections of images in a learned feature space. Upon resizing and
normalizing the images accordingly, both real and generated images are passed through
an Inception-v3 network pretrained on ImageNet (a state-of-the-art classifier many years
ago). For each image, we extract the 2048-dimensional activations of the network’s final
global-average-pooling layer, immediately before the linear classification layer. These
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features are presumed to encode perceptually and semantically meaningful properties of
an image while being less sensitive than raw pixels to small local changes.

Now, let Z = {Z1,...,Z,} C R?** and Z = {21, .., Zm} C R2%48 denote the
resulting features of the real and generated images, respectively. We then compute the
empirical means and covariances of the two feature distributions

1 & 121 -

a==Y 7, A==Y(Z—a)(Z—a)',
i3 i3

1o ~ 1M S s T

i=—2.7 A=_) (Zi—a)(Z—-a),
j=1 j=1

and compare the empirical distributions via

3FID(Z, Z) = W3 (N (a, A), N (3, A))
= %Ha - ﬁH% + %Tr(A + A z(Al/ZgAl/z)l/z> .

Many alternatives exist (see e.g., this new paper for a recent proposal).

26


https://arxiv.org/abs/2605.06797

2 Entropic optimal transport

Entropic optimal transport forms the cornerstone of modern computational optimal trans-
port. In this chapter, we’ll explore the derivation of this formulation, its implementation,
and how it connects to the unregularized optimal transport problem from the previous
chapter.

2.1 Primal formulation

For two probability measures P,Q € P(R?), recall that the Kullback-Leibler divergence
between them is defined as

L(P[Q): /log 2.1)

whenever P < Q (P is absolutely continuous with respect to Q), and the value diverges
to +-oco otherwise. Some fundamental properties of the KL divergence include that it is
jointly convex, and strictly convex in its first argument. Importantly, it is also asymmetric
and does not satisfy the triangle inequality, which does not allow it to be a metric.

Remark 2.1 (KL divergence between Gaussians). Let P = N (a, A) and Q = N(b, B),
where a,b € R? and A, B = 0. Then

KL(P || Q) = & 2 [1og jettﬁ —dtu(BA) @b B -], @2

In particular, taking Q = N (0, I) gives the useful specialization

KLV (2,4) [ N(0,1)) = 5[~ logdet A —d+ tr(A) + [a]}.
Indeed, if X ~ P, then expanding the log-density ratio gives

KL(P||Q) = 5 log Sorb — LE[(X —a)TA™ (X —a)] + JE[(X ~ ) B (X~ b)].

The middle expectation is d, while

E[(X-b)"B"YX~-b)] =tr(B'A)+ (a—b)'B Y a—b),

which yields (2.2).

We now define the entropic optimal transport problem, which takes (1.4) and incorpo-
rates the KL divergence as a regularizer.

‘ Definition 2.2 (Entropic optimal transport). For ¢ > 0, the Kantorovich problem with
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Figure 4: Entropic couplings between a Gaussian and Gaussian mixture with various
regularization strengths, and the solid black curve is the optimal transport map.

entropic regularization is

OTe(p )= int  [[Jlx—ylPdn(y) +eKiimpon). (3

Obviously if € = 0, we recover (1.4), for which we know that uniqueness of solutions
is not guaranteed. However, for every positive value ¢ > 0, we have the following result
for EOT.

Proposition 2.3. Let p, u € P>(R?). For any e > 0, there exists a unique minimizer to (2.3),
written 1 € T'(p, ).

Next, note that the definition of the KL divergence forces 7t to have a density with
respect to p ® p. This is in stark contrast to the optimal transport setting, where the sup-
port of 7y is just a “sliver” on the space of joint probability measures should it uniquely
exist. As ¢ — co, notice that the cost plays less of a role in the objective, and the optimal
plan will be closer to the product coupling. This phenomenon is illustrated in Figure 4
for various regularization strengths.
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2.2 Dual formulation and consequences

As before, to obtain the dual for (2.3), we mimic the computations of Proposition 1.8. This
leads to

11;% sup /fdp-l—/gdy
=Y fell(p)
geLll(u

" / | (=P = £2) = ) + e [toB (o) ~ 1] dm(a) +¢

Writing a = dnt/ d(p ® ) and a(x,y) == 3|x — y||*> — f(x) — g(v), and interchanging the
inf and sup again, this yields

sup /fdp—t—/gdy—e sup// a(x,y)/e)a—a(loga—1) dp(x )dy(y))—|—8
feLl(p) a=0
gGLl()

Passing the supremum inside the integral, we see that this is essentially an infinite-dimensional
analogue of the convex conjugate operator, acting on the function h(a) = a(log(a) — 1).
One can check that

h*(b) = sup{ab —h(a)} =€, (2.4)
a
with maximizer a* = e’ as well, resulting in the following unconstrained maximization
problem
sup /fdp+/gdu—€//e><p w(x,y)/€)) dp(x) dp(y) + e
feLl(p)
g€l (u

Expanding our expression of a(x, y), we recover the resulting dual formulation

Ve

Proposition 2.4. For e > 0, suppose p and p have finite second moments. Then we have the |
following dual formulation of (2.3)

OTe(p, ) = sup fdpo+ [gdu—ce =gl=ylP)/e _ 4 do(x)du(y).
[ o >
geL1
(2.5)

The objective function (2.5) should be reminiscent of (1.5), with one glaring exception:
the hard constraint is now an unconstrained optimization problem. Convince yourself that
the ¢ — 0 limit morally recovers the hard constraint from before.
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Definition 2.5 (Optimal entropic Kantorovich potentials). We write the maximizers of
(2.5) as (fe, g¢), which are called (optimal) entropic Kantorovich potentials.

2.2.1 Explicit primal solution recovery

The following proposition explicitly relates the primal and dual solutions for the entropic
optimal transport problem; this result is often attributed to [Csi75]. The proof is a result
of strong duality, and so it is omitted.

Proposition 2.6. For p, i € P,(IRY), the optimal entropic plan is explicitly written as

—Ylx—yl2
fe(x) + 8e(y) — zllx —yl ) dp(x) du(y) . (2.6)

dre(x,y) = exp( ;

2.2.2 An alternative dual and extending the potentials

We now arrive at an alternative dual formulation. Fix y € supp(u), f € L'(p) and maxi-

" 75,

mize (2.5) only in “g”; this yields

y) = —clog [ 121N gp(x) = £y,

where the ¢ superscript indicates the quadratic cost (though, in principle, this holds for a
wide range of suitable costs). Repeating these manipulations, we arrive at a more compact
representation of OT¢(p, ), written

OT:(p, u) == sup /fdp—l—/fce (2.7)

fell(p

Given such a representation, it is not surprising that f. is optimal if (and only if) it satisfies
a fixed-point relationship of the type

fo = (e (e

Finally, it is worth mentioning that the maximizers f; and g, are only initially defined
on the supports of p and y, respectively. However, there exists an appropriate choice of
potentials such that the following relationships hold over all x € R? and y € R¥:

fulx) = —elog [es AN du(y)  (xe Y, @8)
gely) = —elog [ FOIHI D ap(x)  (y e RY). 29)

We will assume these two relationships hold for the remainder of these notes. For more
context, see [MNW19; NW21].
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2.3 Sinkhorn’s algorithm

In this section, we discuss Sinkhorn’s algorithm [Cut13; Sin67] and provide two distinct
proofs of convergence.

Throughout this section, the source and target measures are denoted by p and y, re-
spectively.

As we saw before, there is a one-to-one correspondence between computing optimal
solutions 7, and (f, g¢), given by the relationship

(fE(x) +g€(y> - %”x _sz)

- do(x) dp(y).

What are the f; and g, that give rise to this expression? How do we compute them algo-
rithmically?

Sinkhorn’s algorithm proposes to iteratively fit the marginals of 7, until you arrive
at a fixed point, which must be the optimal plan. We will see later this will precisely
correspond to either coordinate ascent or mirror descent updates, depending on the point
of view.

To this end, we use two indices to indicate the updated plan and potentials, written

drl™) (x,y) = eXP(f D) 87 = C(x’y)) dp(x) dpy).

s

dm(x,y) = exp

for a suitable arbitrary cost. The first index records updates for the f potential, and the
second belongs to the g potential. We initialize f(*) = ¢(0) = 0. Then

dn®9 (x,y) = e~ ¥/ dp(x) du(y).

While this initial joint measure is not a probability measure, every subsequent iteration

will be.
At iteration k > 0, we first keep ¢(%) fixed and choose f**1) such that ¥+ has
left-marginal p i.e.,

ef<k+1)(x)/s/e(g“)(y)—C(xry))/f du(y) =1.
Rearranging implies
FOHD () = —slog/ N du(y) . (210

It is easy to verify that 7**1%) does not satisfy the right-marginal constraint. We can try to
fix this by now keeping f**1) fixed and have the coupling now satisfy the other marginal
constraint, resulting in the update

g (y) = —elog [ e 0=e e dp(x) (2.11)
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Figure 5: Depiction of Sinkhorn’s algorithm on the example from Figure 4 with ¢ = 0.4.

Now ﬂék“'k“) has second marginal p, while its first marginal need not equal p. The

iterates then read
qr(k+1k) c F(P, *) , mr(k+1k+1) c r(*, P‘) , mr(k+2k+1) c F(P, *) o

Figure 5 illustrates the updates at the level of the potentials between a Gaussian and a

Gaussian mixture.
Sinkhorn’s algorithm repeats these updates until convergence, at which point the cou-

pling matches both marginal constraints. This fixed-point perspective of the dual vari-
ables can also be seen from (2.8) and (2.9).

2.3.1 Analysis via coordinate ascent

We now provide a basic runtime analysis of Sinkhorn’s algorithm based on the block
coordinate-ascent interpretation. We omit the subscript ¢, and define

o) (x) = /W(i’j)(x,y) dy, u(y) = /”(i'j)(xry) dx.
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In particular, the updates imply that o1k = o, plkHLEH1) — 4 We additionally
write the dual objective as

DI (f,g) : /fdp+/gdu—8// 3V 1) dp(x) duly). 212)

Finally, we require Pinsker’s inequality, which bounds the total variation distance by the
KL-divergence between two measures.

4 N\

Proposition 2.7 (Pinsker’s inequality). For any P,Q € P(R%),

TV(P,Q) =3[P — Qllpr < 1/3KL(P[| Q). (2.13)

We will prove the following theorem.

Theorem 2.8. Suppose p, u € P(R?) have compact support, and fix ¢ > 0. After k > 2
complete iteration cycles, the iterates of Sinkhorn’s algorithm satisfy

2
COO
sup D (f,8) — DE*(FM, ) < =2,
/8
where Coo = SUP . cqupp (o), yesupp () c(x,y).

Proof. At the end of cycle k > 1, 7kk) has second marginal . The next update starts the
next cycle, which first updates f, then g. From (2.10) and (2.11), we can write the updates
as

dokk)
(k+1) _ ¢(k) _ P
= 01— tog( 7).
dy(k+Lk)
_ ok _ a7
g elog( i )

(2.14)

g(k+1)

By (2.14) and Pinsker’s inequality,
DI (FHD) o)y _ DO oK)y = /(f(k+1) B f(k)) do

= eKL(p || 0"Y)
> 26TV (p, p¥H0)) .

We next require the following lemma, whose proof we leave as an exercise.

Lemma 2.9. Under the assumptions of Theorem 2.8, for any k > 1,

Ay = sup D (f,g) — DEF (F®), g®)) < 2¢00 (TV (0, p*F)) + TV (1, u*5))) .
1.8
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We are now ready to complete the proof. Since u*¥) = 1, Lemma 2.9 and the im-
provement from the first marginal update yield

20, (k) e}
B = Beyr 2 26TV (0, 0) = 55
Dividing through by A Ay, we obtain
1 . 1 S SAk S

Aiy1 D = 26301 — 265

We conclude by summing from k = 1 to K — 1, which gives Ax < 2c% /(¢(K — 1)). O

2.3.2 Analysis via Bregman gradient descent

We now present a separate analysis based on Bregman gradient descent, or mirror descent,
which offers a third perspective on Sinkhorn’s algorithm. First, we rewrite the entropic
optimal transport problem (2.3), up to an additive constant, as

KL*(p, 4, R) := ne%lzpfy) eKL(m||R), (2.15)

where

dR(x,y) = 2 e 0/t dp(x) du(y), 2= [[ e N0/ dp(x) dpy)
In other words, for any coupling 7 we have that
eKL(m||R) = /cdw—ksKL(n lp®@u)+elogZ.

We will prove the following. For the Bregman analysis, we will be interested in the
Sinkhorn iterates just after fitting the first marginal, and so we abbreviate

k+1,k
2l o KD ) k)
Thus 7l is the first normalized iterate nﬁ“”. A step from %) to K+ fits the second
marginal and then the first.

Theorem 2.10. Suppose g0 = 0and 7(®) = (dp/ dRx)R, where R is the X-marginal of R.
Let ©%) denote the coupling after k iterations of Sinkhorn’s algorithm (so ') has X-marginal
o and Y-marginal u®)). Then, for k > 1,

KL (o, R)

KL(u® |l ) < =5
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In particular, if c(x,y) = 3||x — y||> and p, u € P»(R?), we obtain

m3(p) + m3

The premise of Bregman gradient descent is closely related to the vast literature on
proximal gradient descent. In this scheme, we want to minimize an unconstrained function
F : R? — R by limiting the movement of the iterates using a Bregman divergence Bg,
resulting in the iterates

2D = argmin F(x®)) 4+ (F'(xW), x — x®) + B (x[|x*)), (2.16)

where B is defined via a differentiable convex function G : R — R
Bo(x2[x1) = G(x2) — G(x1) — (G'(x1), %2 — x1) -
It is easy to see that the optimality conditions for (2.16) result in
G (x* )y — G'(xW)) = —F/(x¥)) | (2.17)
Letting y* = G/(x*), we can express (2.17) as
ykl) — ) — (xR

From here, we might hope to draw immediate parallels to (2.14) by clever choices of
the functions F and G that act on probability measures. To start, for a fixed measure
u € P(RY), define ji — H,(fi) == KL(fi | #). By computing the first variation of this
functional, we see that

fi e Mo (i) = log(fi/u),
We can write the Sinkhorn update as
gt — ol — —EH;(y(k)) .

In order to draw parallels to Bregman descent, consider the functional

g+ G(g) = /Fi‘[g] dp = E/IOg(/e(g(”‘c(’“'y”/s du(y)) dp(x).

We then compute

a0, /exp<g<y> — ARl - cw)) do(x),

s
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which is simply the Y-projection of the entropic plan given by potentials (—F¢ [g],g)-
Indeed,

d(p®u) €
has X-marginal p by construction. Thus,

G'(g* ) = ukt, g'(g®) = u®.
3

I )= exp (g(y) — Fllgl(x) - c<x,y>>

As convex conjugation reverses derivatives,
(G7) (") = (G (™) = e, (u), (2.18)

which matches the Bregman gradient descent scheme. The following result summarizes
a well-known optimization rate for Bregman gradient descent.

we can finally write the Sinkhorn update as

Theorem 2.11. Let F,G be convex differentiable functions, and suppose that the Bregman
divergence of F is bounded by that of G, i.e., for x, X,

Br(%||x) < Bg(%]x). (2.19)
Then, forallk > 1,

F(x®) < F(x) + w

|\ J

In order to use Theorem 2.11 to prove Theorem 2.10, we will need the following
lemma.

N

Lemma 2.12. Let g1, > be potentials, and define for i € {1,2}

%(X,y) = Zexp((—FLgil(x) + 8i(y))/¢) .

Letting v; be the Y-marginal of m;, the following equality holds:

Bg(81l/82) = Bg+(vallv1) = eKL(ma || 711) .

|\ S/

Proof of Theorem 2.10. Let v1, v be any two probability measures. First, note the following
equality holds true

By, (v2llv1) = By (vallv1) = KL(vz2 [|v1) -

If we now choose v, and vy, 7y as in Lemma 2.12, by an application of Jensen’s in-
equality, it follows that

eByy, (v2|lv1) = eKL(vz || v1) < eKL(mz || 1) = Bgs (v2|v1).-

3Verify that this functional is indeed convex!
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To invoke Theorem 2.11, we choose F = ¢H;, and G = G* which implies

Bg: (ullp'”) _ eKL(n## || %))
k k '

eHu(uW) = eKL(u® || ) <

Since dn(¥)/ dR = dp/ dRx, we have that
eKL(n" || V) = KL*(p, , R) — eKL(p || Rx) < KL*(p, 4, R),

where in the last line, we used that R and (thus) Rx are probability measures in order to
bound KL(p || Rx) > 0. For the quadratic cost, the result follows as

KL*(p, 1, R) < eKL(p ® p || R)
= [ 4lx =yl do(x) duty) + elog 7
< m3(p) +m3 ().

2.4 Entropic Brenier maps

In this section, we use ideas from entropic regularization to define an analogue of Bre-
nier’s optimal transport map.
In what follows, the following definition will be convenient.

Definition 2.13. For € > 0, let (f¢, gc) be the entropic Kantorovich potentials that maxi-
mize (2.5), extended to all of R as in (2.8) and (2.9). The entropic Brenier potentials are
then defined as

(per ) = Gl - 1P = fer 30 - 1P — ge) (2.20)

From a pure pattern-matching perspective, entropic Brenier maps are a natural object
to define. A natural question to ask is the following: given that the optimal transport map
is given by V ¢g (which is not trivial to compute in practice), is there a way to leverage en-
tropic optimal transport to obtain an approximate mapping? This is the basis of [PNW21;
SDFC+18], where the barycentric projection of the entropic plan was used as a proxy for
the true map.

Definition 2.14 (Entropic map). Given the optimal entropic plan 7, between p and y, we
define its barycentric projection to be

Tu(x) = [ ydni(y) = En[Y | X =x]. (2.21)

We also call this the entropic (Brenier) map.
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However, a priori, (2.21) is only defined p-almost everywhere. The purpose of the
entropic map is to be able to map any new input in R? into the target space. In order to
make this rigorous, we appeal to the optimality conditions (2.8), resulting in the following
expression

Proposition 2.15. For e > 0, the entropic map is equivalent to

Tg = vq)g . (2.22)

Proof. We proceed by direct computation, using the relationship (2.8):

[ —(=y) ,(8e(y)— 2Hx ylI? )/Edy(y)

€

fege zllx yl? )/Sd,u(y)

fye ey z\lx yl?) /e dyu(y)
fe ge(y 2Hx ylI?) /e dyu(y)
=E.,[Y|X =x].

Voe(x) = VI -7 = fe)(x) = x +e

]

Exercise 2.1. Prove that V2@, (x) = e !Covy, (Y|X = x), and conclude that g; is always
convex. Similarly, show V2¢,(y) = e 'Cov (X|Y = y) and conclude that ¢, is also
convex, though ¢, and 1, are not convex conjugates of one another.

2.5 Approximation to unregularized optimal transport

The main selling point for entropic optimal transport in practical applications is that it
provides a computationally friendly surrogate for %sz(p, ). Indeed, when the Hungar-
ian algorithm takes O(n®), Sinkhorn’s algorithm takes O(n?/¢?); see [AWR17]. If it’s
faster to compute, just how close is this approximation? How close is the entropic Brenier
map to its unregularized counterpart? These are the questions tackled here. (Unfortu-
nately, some of the proofs in this section are unenlightening enough that they will not be
included in their entirety, at least not at the moment.)

2,51 Small regularization regime of costs: The general case

We first investigate the approximation of the entropic cost to 3W2. Before stating the re-
sult, let A, := (27)%/2, H(p) denote the entropy of p, and let Iy(p, 1) denote the integrated
relative Fisher information along Wasserstein geodesics i.e.,

H(p /logpdp and Iy(p, /lEytHVlogytHZdt

38



where y; is the optimal transport path from p to u (recall (1.20)). The following funda-
mental approximation result is due to [CRLV+20; CT21].

( )

Theorem 2.16 (Small-regularization expansion of entropic costs). Assume p and y have
compact support with sufficiently reqular positive densities, and suppose Io(p, ) < —+oo.
Then, as e — 0,

OTe(p, ) = ;W3 (o, i) — elog Ae — E(H(p) +H(W) +0(Eh(om).  (223)

A useful quantitative version is

2
OTe(p, 1) — $W5 (o, 1) +elog Ac+ = (H(p) + H(w) < Tholp).  (229)

(. J

To summarize the result, it says that the entropic OT cost is approximately the unreg-
ularized cost up to an initial factor of O(eloge), followed by progressively higher-order
terms.

A rigorous proof of this result is outside the scope of these notes; though the upper
bound (2.24) is quite easy to prove once one has access to the machinery from Section 7.

2.5.2 Small regularization regime of costs: The Gaussian case

While we did not see the proof of Theorem 2.16, one might still ask whether, under certain
(potentially strong) conditions, one can do better.

As the Gaussian-to-Gaussian family is the standard place to start, our conversation
continues there. The following result describes the form of the optimal entropic plan in
this setting.

 Theorem 2.17. For p =N(0,A)and uy = N (b, B), the optimal entropic plan is given by the |
following joint probability measure

=N ( (2) ) (‘;Z Z];)) ) (2.25)

where £, = AV2(AV2BAL/2 L £)1/24-1/2 _£]

The proof of this result is quite technical; we refer the reader to [[MPC20; MGM22]
and take the result at face value.

From here, we have the following corollary pertaining to the expansion of the entropic
cost.

Corollary 2.18. For p = N(0,A) and u = N (b, B) with A, B = 0, let

M:= AV2BAY? and D= (M+51)"?.
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Then the entropic cost admits the exact expression

de

1 1
OTe(p, #) = 51blI* + 5 Tr(A + B) — Tr(De) +

€ _
+ Elogdet(e 1(De + %I)) :

Consequently, as e — 0,

2
OTe(po, p) = %sz(p,y) + %(1 —loge) + Zlog det M + %Tr(M_l/z) + O(£4)
%

£

= 3 Wi(o, 1) — elog Ac — 5 (H(p) + H(p)) + %Io(p,u) +0(e"),

where To(p, ) = Tr(M~1/2) in the Gaussian case. Thus the second-order term in (2.24) is
sharp for Gaussian marginals.

. J

2.5.3 Small regularization regime of maps: The Gaussian case

We now investigate the closeness of entropic Brenier maps to Brenier maps in the Gaus-
sian case. Following the definition as a barycentric projection, one can readily verify that

Te(x) = AV2[(AY2BAY2 4 S1)V2 — £1] A~ 2x 4. (2.26)
For even greater simplicity, let’s consider the case where A = I, then this amounts to
To(x) = [(B+5D)Y2 — s1]x +b.

We know from previous computations that Ty(x) = B/2x + b and so to assess closeness,
we are interested in obtaining upper bounds on the following quantity

1Te — TolB) = Exnion | MX|2 = Te(MT M),

where M = (B + €21/4)'/% — (¢/2)I — BY/2. Setting now D := (B + %1)1/2 — B2 we
expand under the trace.
ITe — TO”%Z(p) =Tr((D —51)%)
de? de?

= T—FTr(D(D—sI)) < —,

where the last line used that D(D — eI) < 0 which is easy to verify. More generally, for
p=N(0,A)and u = N (b, B), it holds that for ¢ small enough

2
S
ITe = TollZ2(p) < S To(e) + O,

where recall Iy(p) = E,||V log p||? is the Fisher information of p.
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2.5.4 Small regularization regime of maps: The general case

We now discuss convergence of the entropic Brenier map to the unregularized Brenier
map beyond the Gaussian-to-Gaussian case. This result first appeared in [PNW21] though
recent developments have enabled “slower” approximation rates of estimation albeit un-
der significantly weaker assumptions.

~

 Theorem 2.19 (Convergence of the entropic Brenier map). Suppose p and y have densities
with compact support in Q C R?, gy € C2(Q), 9§ € C**1(Q) for some a > 3, and

0 < Iy = V?¢po(x) < LIy
on Q). Then
ITe — Toll 72,y < € Io(p, 1) - (2.27)

More generally, under lower smoothness x > 1, one obtains the interpolation rate

| Te — TOH%Z(p) S gmin{4atl}/2

We now describe the main ideas of the proof.
Let x* := Tp(x) and define the optimality gap

Dly | ] = 5llx —yI* ~ folx) — 0(y) = ~x Ty + go(x) + 93(v),

where, by optimality, it holds that D[y | x*] > 0 and D[x* | x*] = 0. A second-order
Taylor expansion around x* gives

Dly | x"] = %(y —x) V25 (x) (y — ) +o(fly — x*[1?)
= %(y =) (V2o(x) " (y — x*) +o(lly — x*[1%),

where the second line used a fundamental relationship in convex analysis. Thus the con-
ditional density

1
x — 1 *
7W) = 7 g oDl 1+7)) 229
behaves like
qr = N (x*,eV2p(x)) .
The premise of the proof is to then show that
EnlY X =2~ [yi()dy, and [ygi(y)dy=Tox).

To make sense of this, the following lemma states that g; is effectively sub-Gaussian.

41



4 N\

Lemma 2.20 (Gaussian localization). Under the assumptions of Theorem 2.19, let Y* ~ g7,
Ve(x) = EY*, and A¢(x) := §e(x) — To(x). Then, uniformly for small e,

e V2(Y¥ — §.(x)) has Gaussian tails, A (%) < €2,
and the normalizing constant satisfies
/‘log Z:(x) — Llogdet V2o (x)| dp(x) S e

Moreover, for a > & and any measurable h : R? — R,

J[exp ()T (v = To() = alli()|7)a2 (1) dy dp(x) < [ exp(llAc(x)|2/ (4e)) dp(x) .

(& J

Another proof ingredient is the enlarged dual representation

OTe(p, p) = sup //ndﬂe—s// 7ey)=gllx-yl? V/edp(x) du(y )~|—s}

nell(m

One then tests this dual with

qé‘(y)}
ny)
=> W)
= EHX —]/||2 —|—s[h(x)T(y — To(x)) — a|\h(x)||2 +1log W]

1 .
mn(xy) = 312 = yl2 +e|ju(x,y) +log

wherea < eand i : R? — R¥ is arbitrary. Substituting #;, into the new dual representation
of OT; and dividing through by ¢ gives

eHx yll /(2¢)
//]hdﬂs+//10g )dﬂg(X,y)
- // Y g (y dydp(x) +1<e OTe(pp).

Since D[y | x*] = ||x — y||> — fo(x) — g0(y) and 7 € T'(p, ), the second term on the
left-hand side equals

W3 (p,
%—logAg—/logZSdp—H(m.

Applying a change-of-variables identity for Tp = V¢,
H() — H(p) = — [ logdet Vpodp,

then implies that

eux yu /(2) W2(p, 1
/ log(* ) dme(x,) = %—bg/\s—g(%(pHH(#)) —Tes
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where we additionally define

Te = /(log Ze(x) — 3 log det Vzgoo(x)> dp(x),

Recall that Lemma 2.20 gives |r¢| < e. Combining the preceding display with (2.24), and
using that g} integrates to one gives

. . .
sup{//]h dm, — //(eJh(x/y) —1)g3 (y) dy dp(x)} < glo(p,y) Fr,.
h
Finally, we use the last results in Lemma 2.20 to imply that

J[ (@0 < 1)gz () dy dp(x) s ¢

uniformly in h. Hence
sup [ {0y = To(x)) ~ allh()I* } )  elo(o. ) +

The proof concludes by choosing

h(x) _ TS(x)z_aTO(x)

where we make use of the choice 2 < ¢ to yield the correct scaling.

2.5.5 Sinkhorn divergence and debiased entropic maps

One main drawback of using OT.(p, i) as a discrepancy measure is that it is biased: for
e > 0,0T¢(p,p) > 0even though 1W2(p,p) = 0. Nevertheless, the null case (p = u) has
a particularly nice structural form.

~

Proposition 2.21 (Entropic self-transport). For the self-transport problem OT,(p, p), there
is a single self-potential w, satisfying

OTe(p,p) = sup {2 [adp—e =3I=91/e do x) dp(y) +
€Ll (p) / // (2.29)

=2/ocgdp.

Moreover, when I(p) < oo,

2

OT(p,p) +elog Ae + eH(p) < %Ig(p) ) (2.30)

(. J

Instead, it is always preferred to compute the Sinkhorn divergence, which removes this
bias by subtracting the self-transport costs.
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Definition 2.22 (Sinkhorn divergence). For p, 4 € P>(IR%) and & > 0, the Sinkhorn diver-
gence is defined as

Se(p, 1) == OTe(p, ) — 5[OTe(p, p) + OTe(p, )] - (2.31)

Per the name, the following proposition verifies that it is indeed an appropriate di-
vergence (which we present without proof; see [FSVA+19] instead). Notably, it does not
satisfy the triangle inequality, preventing it from being a true metric on the space of prob-
ability measures.

[ Proposition 2.23. The Sinkhorn divergence satisfies:
1. Non-negativity and identity: S¢(p, ) > 0, with equality iff p = .

2. Symmetry: S¢(p, u) = Se(u, p).
3. Convergence to OT: S¢(p, ) — A W3 (o, 1) ase — 0.

. S/

From this discussion, we can also infer that T{” (x) # x. This suggests to analogously
define a debiased entropic map as follows:

Definition 2.24 (Debiased entropic map). Let ¢t” be the entropic Brenier potential for
the self-transport problem OT¢(p, p). The debiased entropic map from p to y is

T (x) == TP (x) — TP (x) + x. (2.32)

2.6 Lipschitz properties of (entropic) transport maps

For many theoretical results in, say, statistical optimal transport, uniform upper and lower
bounds on the spectrum of V2¢f#, the Hessian of the Brenier potential, are crucial. In
other words, we often require the existence of two constants ¢, L > 0 such that

01 < V?¢fH(x) < LI,

for all x € R%. Though, apart from assuming these bounds hold, a natural question is
to know when this kind of assumption is known with explicit constants. This next result
provides sufficient conditions for this behavior.

Ve

Theorem 2.25 (Caffarelli’s contraction theorem). Let p « e~V and yu « e~ with full
support on R?, with V and W smooth. Further suppose that V>V (x) < By I and V>W(x) =
awl with By, aw > 0. Then

0= V2 < /By /awl.
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Similarly, if V is ay-strongly convex and W is By-smooth, with vy, By > 0, then

V2l = av/Bw .

The Hessian bounds are understood almost everywhere.

|\ J/

In this part of the chapter, we will provide a proof of Caffarelli’s contraction theorem
based on entropic optimal transport, and show how this entropic framework can lead to
substantial generalizations. We will first provide an application of Caffarelli’s contraction
theorem to the transferring of functional inequalities.

2.6.1 Application: Transferring functional inequalities

A common application of Caffarelli’s contraction theorem is that it allows the transferring
of functional inequalities from one measure to another. Two such functional inequalities are
the Poincaré and log-Sobolev inequalities.

Definition 2.26 (Poincaré inequality). A probability measure p satisfies a Poincaré in-
equality with constant Cp(p) if for all smooth test functions f,

Vary(f) < Colp) [ IVfIPdp.

Definition 2.27 (Log-Sobolev inequality). A probability measure p satisfies a log-Sobolev
inequality with constant Cygj(p) if for all smooth test functions f,

Enty(£%) < Cuai(p) [ IV fI2d,

where, for h > 0,

Ent,(h) == /hloghdp— (/hdp) log</hdp>.

For example, suppose p satisfies a Poincaré inequality with constant Cp(p). What is
the Poincaré constant of u given that Ty = Vgogy is the optimal transport map from p
to u? With the contraction theorem, this becomes a simple computation: writing L =
sup,, || V2" (x)||op, for f smooth,

Var, (f) = Var,(f o To)
< Colp) [ IV (f o To) ()P dp(x)
< Colp)L? [ IV F(To()) | dp(x)

— Co(p)L? [ | VF|Pdn-
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Thus, Cp(u) < Cp(p)L?, which can be further controlled if a bound on the spectrum of
V2gf!" is known. We leave the log-Sobolev case as an exercise.

2.6.2 A proof via entropic optimal transport

We will prove the following theorem, which acts as an entropic analogue to Caffarelli’s
contraction theorem.

~

 Theorem 2.28 (Entropic analogue of Caffarelli’s contraction theorem). Under the upper-
bound assumptions of Theorem 2.25, for every € > 0,

V2t (x) = %<\/4ﬁv/ocw + €282, — s,BV>I.

Under its additional lower-bound assumptions,

1
V2t (x) = §<\/4ocv/ﬁw + €202, — Stxv>l.

(. J

Taking € ~\, 0, we formally recover Theorem 2.25. This needs a bit of work to make
completely rigorous, but we omit this discussion.

In order to prove Theorem 2.28, we require two complementary key covariance in-
equalities.

( ~\

Lemma 2.29. Let P o« e~Y on R? and assume U is twice continuously differentiable on its
domain. Then the following hold

1. (Cramér-Rao inequality) Covp(X) = (IEp[VZU(X)])fl.
2. (Brascamp-Lieb inequality) If V2U - 0, then Covp(X) < Ep[(V2U(X))'].

|\ J

To continue, we omit the superscripts and instead make use of the following abuse

of notation by defining n} = nZlXZx and 7} = ﬂf‘yzy, identified with their Lebesgue

densities, which leads into the following simple computation.

4 N\

Proposition 2.30. Let p « e~V and y o< e=", with V and W smooth. Then

Vi (=log i (y)) = e ' V2e(y) + VW (y),
Vi(—logm(x)) = e 'V2qe(x) + V2V (x).

|\ J/

Proof of Theorem 2.28. We prove the upper bound; the lower bound follows by interchang-
ing the potentials and applying Cramér-Rao. Write A(x) = V2¢.(x) and B(y) = V2. (y).
Fix x € R%. An application of the Brascamp-Lieb inequality and Proposition 2.30, to-
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gether with the covariance representation of the Hessian, yields
A(x) = e Covpr (Y) =X Epr [(B(Y) +eVEW(Y)) .

We repeat the same calculation with the potentials swapped and instead using the Cramér—
Rao inequality. This gives

By) = e Cov,e (X) = (E[A(X) +ev2V(X)]) .

Note that matrix inversion reverses the positive-definite order on matrices. Defining the
quantity

Le := sup Amax(A(x)) < (eay) ™t < o0,
xeR4

where finiteness follows from B > 0 and VZW > awI in the first bound, we have

B(y) = (Le+epv) 1.

where we also used our assumptions on V. Nesting the terms appropriately and using
our assumptions on W, we obtain

Le < (Le+efy) ' + srxw)_l :

As L, is finite, we can solve this inequality to obtain

Le < 5 (\/4Bv /aw + 283 — ey

2.7 Algorithms
2.7.1 Implementation of Sinkhorn’s algorithm

Algorithm 2 provides self-contained pseudocode for implementing Sinkhorn’s algorithm
for empirical measures; the changes are minimal for generic discrete measures.

As the per-iteration cost is O (nm), the following corollary follows directly from The-
orem 2.8.

Corollary 2.31. Let § > 0 be a tolerance parameter, and let y, = n~'Y!,6x, and
Vg == m 1 Z]’-”:l 5y]. be empirical measures, with Xy,..., X, ~ pand Y1,..., Y ~ v. Then
Sinkhorn’s algorithm returns a 5-accurate approximation of OTe(phy, Vi) in O (nm c2,/ (¢)).
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Algorithm 2 Implementation of Sinkhorn’s algorithm

Inputs: Source samples (X;)iL; ~ p, target samples (Y;)"; ~ v, parameters ¢,6 > 0,
and cost function (x,y) — ¢(x,y).

Initialize: g(o) =0, € R", 70 = 00, and k = 0.

while r¥) > 5 do

Foralli € [n]: fz.(kH) = —810g<% 71:1 eXP((g]('k) - C(Xi/Yj))/E)>

Forall j € [m]: g](kﬂ) = —slog(% Y exp((fl. k1) _ c(Xl-,lfj))/s))

Y Lexp (Y + /Y — e(X,,Y))) /e) for all (i, ) € [n] x [m].
P Tk, — 21, [y + | TTED) T2, — L1, ).
k+k+1

end while

Return: (f*),¢(0)) € R" x R™

2.7.2 Implementing entropic Brenier maps

Given the converged empirical potentials g, € R” from Algorithm 2, the optimality con-
dition (2.8) and Proposition 2.15 yield the following out-of-sample formula for the en-
tropic Brenier map at any new input x € R%

' Y] exp((gglj - C(x/ Y]))/€>
Ts(x) _ j=1 . (233)

- expl (s~ (5,%)/¢)

]

This is a weighted average of the target samples, with weights proportional to exp((g¢,j —
c(x,Y;j))/e). At observed source points x = X;, (2.33) reduces to the barycentric projection
(1.33).

Algorithm 3 Entropic Brenier map (out-of-sample evaluation)

Inputs: Target samples (Yj)}“:l, converged potentials g. € R™, new point x € RY,
parameter ¢ > 0, cost c.

Compute: w; < exp((g,; —c(x,Y;))/¢) forall j € [m].

Return: T, (x) = (T, Yjw;) /(L2 w))-

The per-query cost is O(md) (one pass over target samples to evaluate c(x,Y;) and
accumulate the weighted sum). In practice, the log-sum-exp trick should be applied for
numerical stability, especially for small e.

2.7.3 Numerical implementation with OTT-JAX

The following implementation is based off the 0OTT-JAX package [CMPTB+22].
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Algorithm 4 Sinkhorn and the entropic Brenier map with OTT-JAX

Input. Arrays X and Y, regularization eps, and query points X_new.

import jax.numpy as jnp

from ott.geometry import costs, pointcloud
from ott.problems.linear import linear_problem
from ott.solvers.linear import sinkhorn

X, Y = jnp.asarray(X), Jjnp.asarray(Y)
n, m = len(X), len(Y)
a, b

jnp.ones(n) / n, Jjnp.ones(m) / m

cost_fn = costs.PNormP (p=2)
geom = pointcloud.PointCloud/(
X, Y, cost_fn=cost_fn, epsilon=eps
)
problem = linear_problem.LinearProblem(geom, a=a, b=b)
out = sinkhorn.Sinkhorn (threshold=1le-4) (problem)

plan = out.matrix
cost = out.kl_reg_cost
dual_potentials = out.to_dual_potentials()

T_eps_X = dual_potentials.transport (X)
T_eps_new = dual_potentials.transport (jnp.asarray (X_new))
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3 Flow-based transport

3.1 Whatis aflow?

What does it mean to “flow” or “interpolate” between probability distributions? If one
starts from the definition of a transport map or of a coupling, it is not entirely obvious
how to understand notions of paths between the starting measure p and ending measure
. For us, interest in these paths is motivated largely by recent computational advances
in machine learning (e.g., flow-based diffusion models).

To think of paths, a natural place is via ordinary differential equations (ODEs), where
displacement is governed by a family of vector fields (w¢);c(o,1) with w; : R? — R%.
Indeed, for such a family, the ODE

X =wi(x;), x =x€R

integrated from time t = 0 to t = 1 results in a flow map

®i(x) = x + /Ot we(Pr(x)) dT, (3.1)

where ®; represents the position of the initial particle xp = x € R? over time. In fact, one
can write

Dy (x) = x + / w2 (®s 1 (x)) dr,

as the flow map with xs; = x (i.e., at time s the particle is located at x). We would then
define y; = (P¢)4p as the law of the particles at time ¢, where p is the initial law of the
particles.

3.2 Deterministic flows and the continuity equation

The evolution of probability measures can be viewed from two equivalent perspectives:
the evolution of a single particle, or the evolution of the density as a whole (the aggregate
behavior of the particles).

The single-particle perspective is called the Lagrangian perspective. The evolution of
the density, or the law of a single random variable, is called the Eulerian perspective, and
is often what interests us at the end of the day.

Letting v := Law(X;), we want to make sense of the evolution of the path between
t = 0and t = 1, which asks, as a prerequisite, how to make sense of “dy;”. To do so, we
integrate this quantity against an arbitrary test function. Moving the derivative outside
the integral gives

/hawt = at]E%h(Xt) = IEyt<Vh(Xt>, Xt> P
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where X; ~ ;. But we know the evolution of the particles: X = w(X¢)! Replacing this
and using integration-by-parts results in

/haﬂ/t = /<Vh/wt>'Yt = —/hV (wryt) .

We arrive at the following result:

~

Theorem 3.1. Suppose (w¢) (o1 is a family of vector fields and the random variables t — X;
evolve according to Xy = w(X;). Then the law of the particles v evolves according to

oyt + V- (wryr) =0,

called the continuity equation.

(& J

The continuity equation allows us to describe a velocity field that acts on each particle
distributed according to a curve of probability measures t — ;. Viewed from the per-
spective of transport, the continuity equation says that the total mass of y; is preserved
under the velocity field w; that acts on each of the particles distributed according to ;.
Appending an initial and final measure to the continuity equation results in

orye + V- (wryr) =0, vo=p,yi=Hu. (3.2)

Note that (3.2) is directly analogous to the definition of a transport map T € T (p, ).
The difference here is that we are asking for a pair (yt, wt);c(o) to satisfy the continuity
equation with the appropriate endpoints as opposed to just a single function.

3.2.1 Discretizations

In practice, given (wt);c[o1) and a (discretization of a) source measure p, we have enough
information to compute flows on a computer.
Perhaps the most obvious scheme is known as the Euler discretization. For h < 1, we
approximate the time derivative via finite differences, and rearranging gives the update
X — Xi

Xt =~ T = ZUt(Xt) — XtJrh = X; +I’l’(/Ut(Xt) .

Choosing N = 1/h steps, the iterates can also be read as
Xy = Xin + hwny(Xen), Xo = x0. (3.3)

Note that under suitable assumptions on the velocity field, it is easy to show that Euler
discretizations incur an error of O(h) over a fixed time interval.

A more accurate discretization is known as the Runge-Kutta method, or RK4, as the
accuracy improves to O(h*). Here, at each time t = kh, we evaluate the velocity field at

51



four distinct points

Ky = wi(Xy),

Ky = w2 (Xe + 5Kq),
K3 = w2 (Xe + 5K2),
Ky = w1y (Xt 4 hK3)

with the final update given by

h
Xt+h = Xf + E(Kl —|—2K2 +2K3 —+ K4) .

Thus, at the cost of four evaluations of the velocity field, we improve the accuracy to
fourth-order, allowing for potentially larger step-sizes.

3.3 Stochastic flows and the Fokker-Planck equation

Up until now, we focused on deterministic dynamics of the form
Xi = wi(Xi), Xo=x,

where w;(-) is a time-varying vector field. How would we go about introducing stochastic-
ity into the dynamics? Perhaps it is easiest to start from a discretization. Letting (#;)k>0
be auxiliary random variables, consider the following discretization

Xkr1yn = Xin + hwig(Xig) + 11, Xo = xo.-

Note that this is “very random” in that the law of the sequence 7, has yet to be specified.
Let’s first assume that 175, ~ N(0, ) for all k > 0, independently across iterations. What
happens to the dynamics?

Consider the dynamics given by a constant drift w;(x) = 3 with initialization Xy = 0;
the deterministic trajectory is obviously x; = 3t. If we include Gaussian increments in the
Euler discretization with stepsize 1 = 1/N and multiplying each Gaussian increment by
an amplitude a;, > 0, we obtain at time t =1

N-1 N-1 N-1
X1 =Xo+3 Z h + ay, Z Nk = 3+ ay, Z Hkh -
k=0 k=0 k=0

We can readily compute the variance as

N-1 5 N-1 5
Var(Xl) = Var(ah Z 77kh> = ay Z Var(nkh) = lth.
k=0 k=0

This calculation shows that if 4, = 1, then the variance at time t = 1 explodes propor-
tionally to the number of steps; see Figure 6(a). Choosing a;, = h instead gives variance h,
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Figure 6: Impact of additive Gaussian noise on deterministic dynamics.

so the randomness disappears as h ™\, 0. To retain fluctuations at a finite scale, we choose
ap, = Veh for a fixed € > 0. In this example, we then have at time t = nh

n—1
Xy =3t+ Vel Yy, ~ N (3t et).
k=0

In particular, for ¢ = 1, the variance is unity at time t = 1; see Figure 6(b). Here the limit
h ™\, 0 keeps the elapsed time fixed while increasing the number of steps. Each added
noise increment becomes smaller, but their variances add to neh = ¢t, independently of
the discretization. The same scaling applies when the drift depends on positions, and we
will henceforth use the discrete dynamics

Xikr1yn = Xen + hwig(Xi) + Veh i,

Under suitable regularity assumptions on the drift, the limit as & ™\, 0 is described by a
stochastic differential equation (SDE):

dXt = wt(X,g) dt + \/EdBt , XO =X, (34)

where B; denotes Brownian motion.

3.3.1 Brownian motion, Itd processes, Itd’s lemma and isometry

Solutions to SDEs have the following “flow map” representation (analogous to (3.1))

t t
X, :x0+/0 ws(Xs)ds—i—\/E/O dB;. (3.5)

53



The one term that requires some formalization is fot dBs, because “integrating with re-
spect to Brownian motion” is not a clear concept, as opposed to integrating along the real
line. Indeed, making sense of this term requires a bit of care. First, let’s define once and
for all what we mean by Brownian motion.

Definition 3.2 (Standard Brownian motion). A stochastic process (B¢);>o is called (stan-
dard) Brownian motion if it satisfies the following properties:

1. By =0,
2. Bi— By ~ N(0, (t—s)I;) for0 < s < t < +oo,

3. for any k € IN, the random variables (By,, By, — By,, ..., By, — By,_,) are mutually
independent for 0 < t; < --- < ty,

4. and t — By is almost surely continuous.

From the definition, we understand that Brownian increments satisfy
Bitn — B: ~ N(0,hly).

As these increments are independent over disjoint time intervals, we can construct the
following independent noise variables from a single Brownian motion as

Bk+1)n — Bin

Mkh = NG

Then when discretizing an SDE with a position-dependent drift, writing X(®) for the dis-
cretization, summing the updates to time t = Nh yields

() = ()
X =x0+ Zhwkh(th)—i—\/EBt.
k=0

If, for example, w;(x) is continuous in time and uniformly Lipschitz in space, the Euler
approximations converge as i ™\, 0, and the sum above converges to an integral, resulting
in the limiting process

t
X = xO"‘/O ws(Xs) ds + \/EBt-

The It6 isometry. We now provide a (very brief) introduction to stochastic integrals
and the It6 isometry. We will specifically be interested in understanding how to evaluate
integrals of the form

2

T T
E / H,dB,, and ]E‘ / H, dB, (3.6)
0 0
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The simplest case is when H; = 1 for all times. Then we can readily compute, by the
definition of Brownian motion,

T T
IE/ thBt:]E/ 1dB; = E[By — By] = E[Br] = 0,
0 0

and
2 T 2

~E ‘/0 1dB;| = E[|Br — Bo|?] = Var(By) = T.
It turns out that this phenomenon can be substantially generalized, where we replace ex-
pectations of stochastic integrals by those which are entirely deterministic. This is known
as the Ito isometry, which holds for more general stochastic processes (H;);>o such that H;
is determined by the information available at time t denoted F;, which is the adaptedness
condition.

T
]E‘/ H; dB;
0

~

( Theorem 3.3 (It0 isometry). Let B be a (one-dimensional) Brownian motion and let H =
(Hi)t>0 be progressively measurable with E fOT |H;|?dt < oo. Then M; := fot H;dBs is a
square-integrable martingale, and for every t € [0, T],

t 2 t
E[M,] =0, ]E‘/ H, dB; :IE/ |Hq[2ds. (3.7)
0 0

L J

We now provide an informal treatment of the proof of Theorem 3.3.
The first step is to consider a piecewise constant step process. Fixing a partition 0 =
to < --- <ty = T, and letting H; = H;, be square-integrable random variables which are

measurable with respect to F;,, we define our step process with Ht(n) = H; on (t;,ti11],
and also write

T n—1
I, = / H™dB, = Y H;AB;,  AB;:=B,. —B.
0 i=0
Our goal is to show Itd’s isometry for this step process, namely
" gmy?
E[l,] =0, E[2]= ]E/ (H™)?dt. (3.8)
0

Since H; is Ft-measurable and AB; is independent of F;, with mean zero (by definition),
we have that

n—1 n—1
E[l,] =E H;AB;| = )_ E[H;AB;] = 0.
i=0 i=0

For the second identity, squaring I, and expanding gives

n—1
E[I2] = Y. E[H?(AB;)?] +2 ) E[H;AB;H;ABj],
i=0

0<i<j<n—1
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The first term above can be simplified to
E[H}(AB;)* | Fi,] = H}At;,

The second term vanishes using a conditioning argument: for i < j, conditioning just
before the later increment gives

E[H;AB;H;AB;j] = E[H;AB;H; E[AB; | F;]] =0.

and hence
n—1 T ’
EIR) = Y E(HaL =E [ (H") dr.
i=0 0

This proves (3.8). Taking suitable limits of step processes then gives the general Itd isom-
etry (3.7).

The Itd isometry is part of the conventional wisdom that says that “(dB;)?> = dt” in
expectation. As a basic application, let h € L?([0, T]) be a deterministic scalar function
and B; be a d-dimensional Brownian motion. If we apply the isometry coordinatewise,

we obtain
Cov (/OTh(s) st) _ (/OTh(s)zds) .

Ité’s lemma. Our final tool from this section will be the following foundational lemma.

[ Theorem 3.4 (Ito’s lemma). Let (X¢);e(o1) be an Ito process satisfying dX; = wi(X;) dt + |
0y dBy, and let h € CY%([0,1] x R%). Then
dht(Xt) = (E)tht + (Vxht(Xt),wt(Xt» -+ %tr(U’t(TtTViht(Xt))> dt
+ <Vxht<Xt), Ot dBt> 5

(. J

(3.9)

Proof. Write h(x) = h(t,x) and let 0 < 6 < 1. Along a short interval, the expression for
the SDE can be written as

AX = Xyi5 — Xs ~ wi(X)6 + 0tAB,  AB:= By s— By ~ N(0,6]).

A key observation here is the size of AB, where the variance (in other words, its square)
has size 6, and so AB can be thought of as having size v/3. We now expand h;(X;):

evs(Xiys) — he(Xe) = 0ehe(Xe)0 + (Vi (Xy), AX) + 30X V2 (X)) AX
~ (3l (Xe) + (Val(Xe) ,wi(X1)) )8 (3.10)
+ (Vihi(X),0:AB) + JABTKAB,
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where K; := 0, V2h;(X;)ot, and we exclude lower-order terms in 6 ~ dt.

We now want to write the above in the form of (3.5). To do so, we sum the increments
across a partition 0 = tg < t; < --- < ty = T with t; = id and Né = T, and then take
0\ 0. The left-hand side of (3.10) would simply give h1(Xt) — ho(Xo). The first term on
the right-hand side of (3.10) becomes an integral in a standard way

N-1

Z <ath(ti/Xti) + <vxhti(Xti) 'wti(Xti)>>5

i=0

— /OT(ath(t,Xt) + (Vihi(Xy) ,wt(Xt)>> dt,

whereas the second term becomes an It6 integral:

N-1 T
Y (Vi (X1,),01,AB;) — /0 (Vihi(X:), 01 dBy),
i=0

where AB; := By, | — By,. For the final term, we then write AB; = Ve ¢; with independent
& ~ N(0,1), with each ¢; independent of the information at time t; and E[¢;¢"] = I. We
write the sum as

1Nzl s N-1 -
5 ) AB; KyAB; = 5 Y tr(Kedii ) -
i=0 i=0
As § — 0, the fluctuations of these terms end up vanishing, and we can instead replace the
term above by its expectation. Under this heuristic justification (which can be rigorously
justified), the resulting Riemann sum converges

1 N-1 - 1 N-1 -
5 Y AB/ KiAB; & 5 Z AETr (K8, )
i=0 ]
1 T
Z Kt — = / tI' Kt d E/ tr(O’tO't—l—V%]’lt(Xt)) dt.
— 0

]

Theorem 3.4 is essentially a chain rule for stochastic differential equations. The differ-
ence from the usual chain rule is the additional second-order Itd correction given by

Ltr(o0y! V2 (Xy)) dt

This term precisely appears because Brownian motion has nontrivial “quadratic varia-
tion”. More heuristically, this is because (dBt)2 = dt. Note that setting o; = 0 recovers
the ordinary chain rule.
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3.3.2 Derivation of the Fokker-Planck equation

The goal of this section is to prove a “diffused” analogue of the continuity equation,
known as the Fokker—Planck equation. Specifically, we want to understand the law of the
particles X; that undergo the It process

dXt = ZUt(Xt) dt + \/gdBt .

Recall that the case ¢ = 0 gives precisely the dynamics that gave rise to the continuity
equation.

Theorem 3.5 (Fokker-Planck equation). Suppose (wt)c(o,1) is a family of vector fields and
the random variables t — X; evolve according to dXy = wi(X;) dt + /e dB;. Then the law
of the particles, denoted py, evolves according to

oot + V - (wipr) = %Apt/

which is called the Fokker—Planck equation.

L J

Proof. The proof follows that of the continuity equation: let / be a suitably nice test func-
tion; then we have

| Baips = BEIN(X)] (3.11)

On the other hand, we can use Itd’s lemma instead of the chain rule on the test function,
which leads to

dE[1(X:)] = E[dh(X/)]
= E[((VA(X:), w:(X)) + 50R(X:)) At + Ve(VR(X1), dBt)]
= E[((VA(Xt), w(Xe)) + 500(X:)) dt],

where the last equality follows by the martingale property of the stochastic integral. Al-
together, we have

HE[H(X)] = E[(Vh(X:),wi(X0)) + SAR(X))].

Equating this with (3.11) gives

hawr = [ ((Vi,we) + —AR)p.
2

Two applications of integration-by-parts yield the final result. O
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Figure 7: Different trajectories (SDEs and ODEs) with the same t-marginals N'(0,1 + £).

3.4 Properties of SDEs
3.4.1 ODEs preserve marginal laws
Recall that the SDE dynamics
dX; = w¢(X;) dt + 0y dBy,
result in the Fokker—Planck equation for p; = Law(X})
oot + V - (orwy) = %V (arVpy),
where a; = 0;0,' is a diffusion matrix. Writing the Laplacian as
Apr =V - (prV1ogpr),
we can rewrite the Fokker-Planck equation in terms of the continuity equation

Aot +V - (pr(wr — 3a:V 1og pt)) = 0.

As the definition of p; has not changed between the two formulations, we can conclude
that solutions to the ODE

Xf = (wt — %afv lngt)(Xt) P
result in the same time-t marginals. Figure 7 illustrates how it’s possible for two proba-

bility paths to have the same marginal laws.

3.4.2 Forward and reverse SDEs

Consider the “forward” dynamics for ¢ € [0, 1] which induce transport from p to u

dX;? = b7 (X;7) dt + V2 dB,
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where we write v;” := Law(X;”). Then for any fixed T € [0, 1], define for t € [0, T|
X = X7,

What SDE does the process (X;~)c[o,r) then obey?

Derivation via the Fokker-Planck equation Writing y;~ := v _;, we have by the Fokker-
Planck equation for the forward dynamics

oy = 0(v7or) = —(05Ys") [y = V- (YTibTLy) — BYTL, -

To obtain a similar Fokker-Planck equation, we just need to introduce the right Laplacian
scaling:

aﬂ/f =V (V?—tb?—t) - AY?—t
=V - (YTbTy) = AYT + Ay — Ay
=V - (Yribrly) =20y + Ayi
==V (v (=br¢ +2VInvyrl,)) + Ayi.

Thus, the reverse SDE is written as
dX{ = b (X;)dt +V2dB;,
where b~ satisfies
by = —by ;+2VInyr ,,

and B; is Brownian motion with respect to the reverse-time filtration.

Derivation via transition densities. We now provide an alternative heuristic derivation
of the reverse SDE using transition densities.
Write

t+At AL
Xeinr = Xi +/t fs(Xs)ds +/t 0dBs =~ X; + At fi(Xt) + 0(Bypar — Bt) .
If X; = x is fixed, then
Xpoatl Xe = X & x4 At fi(x) + VO2ALE ~ N (x + At fi(x), 02At),
and thus writing x’ as a future draw of the process

p(x'|x) = N (x + At fi(x),0%At).
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Our goal is to compute the reverse, namely p(x|x’). By the basic rules of conditional
probability, we have

p(xlx") = p(x) - p(x'[x)/p(x'),

where, by an abuse of notation, X; = x is the current iterate. Taking logs and using our
approximation from before, we have that

log p(x|x") = log p(x) + log p(x'|x) — log p(x)
1
~ logp(x) — S2AT |x — x — At fi(x)|> — log p(x') + Chy -

We will now expand around x = x’ + h for h = O(v/At). (Why? Recall that ¥’ — x =
At fi(x) + V2AtE = O(v/At) for At < 1.) This yields

log p(x) ~ log p(x') + (Vlog p(x'), h) + O(h?)
~logp(x') + (Viegp(x'), h) + O(At).

Here it is useful to make the time indices of the marginal densities explicit. In particular,
p(x) = pe(x) and p(x’) = prrar(x’). The difference between log p;(x’) and log psia:(x”)
is of order O(At) and, since it does not depend on /4, can be absorbed into the normalizing
constant of the conditional density.

We also have

|/ —x — Atfi(x)||” = || = = Atfi(x" + 1) ||
= ||1|* + 24t (h, fi(x")) + O(AF),

where we have used I = O(v/At) and the smoothness of f;. Consequently, up to terms
of order O(At),
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 202At
1
202At

log p(x | ') = C(x', At +(Viog pu(x') = 5 fi(x'), 1) + O(AN

= C'(x,At) —

[~ AtV 108 pi () — £ix')) |"+ o,

where C(x/, At) and C'(x’, At) denote terms that do not depend on h. We therefore obtain
the approximate reverse transition

Xi | Xpgnr = ¥’ = N(x’ + At (2 V1og p(x') — fi(x')), o2 At I) :
Equivalently, a single reverse step can be written as

Xt ~ XH—At -+ At(_ft(XH—At) -+ 0'2V10g Pt(XH—At)) —f-U'\/KtC, C ~ N(O, I) .
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Now let X;~ = X" . and setr = T — 5. A forward step in reverse time corresponds to
a backward step in the original time:

— — o v — !
Xs—l—At’Xs _x_Xr—At|Xr =X

~ N(x’ + At(—f(x') + 0V log pr(x)), 2 At I) :

Replacing quantities evaluated at r — At by quantities evaluated at r only changes the
mean by a higher-order term. Passing formally to the limit At — 0, the reverse-time
process therefore satisfies

S

dX$ = (—fr-o(X$) +0*Viegpro(XS)) ds + o dB;,

where (Bs) selo,7] 1s @ Brownian motion with respect to the reverse-time filtration.
In the setting of the forward SDE above, o = V2, ft = by, and py = v;”. Hence

dX$ = (b7 (X)) +2VIogy7 o (XE)) ds + V2 dB; .
Thus
by (x) = =brls(x) +2Vlogyr_4(x),
or, equivalently,
bs + by, =2Viogvyy ..

The reverse process starts from X~ ~ y7” and ends at X7 ~ vy;’.

3.4.3 Girsanov’s theorem
Consider two probability paths with different diffusion coefficients: one is Brownian mo-
tion and the other is a standard SDE:

P: dYt = \/EdBt ,

Q . de = bt(Xt) dt + \/EdBt .

Girsanov’s theorem is essentially a statement regarding densities of probability path mea-
sures, making sense of statements regarding

dQ
dpP’
(To see why this is important, think about what it means to compute the KL divergence

on path space.) We will sketch out a heuristic argument for why certain conditions are
required before stating the full result.
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Instead of writing out the argument with the full SDE, we will consider a discretization
and give a heuristic argument. Let 0 < i1 < 1 be a small time-step and write

0X = Xy — Xy N (be(X1)h, Bh),  6Y = Yipp — Yy = N(0,ah) .
We can compute the likelihood ratio of the densities as
B2 exp (18X — by(Xo) ||/ (2ph))
/2 exp(— ||(5Y||2/(2och))

Since we want to understand the ratio of Q relative to P, we can replace 6X by JY (i.e.,
evaluate both conditional transition densities along the same path) and simplify the log-
ratio. This gives

d. ey oY —b(Yo)h|* | [l8Y|?
= Zlog(Z) —
bratio = 5 Og([s) 2BH 2ah
_dy ey 1 [OYIE (Be(Ye), 8Y) (1B (V)12
_§1°g<3>+§(“ e 25 "
If we want to approximate the whole process until time T, we can take a sum of the log-
likelihood ratios (i.e. product of the likelihood ratios) to arrive at

N-1 N-1 2 1 2
8, = Miog(2) 1 Lt - gy Y 12V (bi(¥),8Y) 1B (Y0P
kg) ratio g(ﬁ)"’z(w :B )kgo h kg)[ ﬁ zﬁ }

As the stochastic processes go until time T (potentially with T — o), two of the terms
above pose difficulties. The first term is problematic on its own

(3.

as the N — oo limit diverges, where we choose N = T/h. However, the second term is
also problematic, as we have the approximations

N=1 ||(5YH2 oc||(5B||2 — wdh
L I~ B v,
k=0 h k=0 h h

which also diverges as N — co.

If we instead restrict ourselves to « = 8, then both of these terms no longer impede us
from taking the N — oo limit (indeed, the prefactor for the second term is zero) and we
obtain the log-ratio

1 T
e = = ) 00, aB) = 0 [ (i) P,
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 Theorem 3.6 (Girsanov’s theorem, informal). Let P be the path measure of
dY; = Va dB;, Yo ~ po,
and let Q be the path measure of
dX; = by(X;) dt + a dBy, Xo ~ po,

on the same time interval [0, T] for T < o0 and « > 0. Under sufficient integrability
conditions (e.g., Novikov’s condition), Q is absolutely continuous with respect to P and

dQ 1

o 0om) =exp (2 [ (), By — 5 [ () ).

In particular, the KL divergence between the two measures on path space is given by

KL(Q||P) = 5-Eq | llbi(X0)|2dt.
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4 Dynamic formulation of optimal transport

4.1 Optimal vector fields

As with pushforward maps, we can hope to constrain our velocity fields to be as “lazy”
as possible, where we want to estimate two quantities: (vt wt);c(o1]- Since the velocity
tield w; acts on particles X; ~ v;, and the pair satisfies the continuity equation, we arrive
at the following natural definition of an optimal vector field, and its associated density,
defined in terms of minimal kinetic energy.

Definition 4.1 (Optimal kinetic vector field). A pair (p}, v} )i is called optimal w.r.t.
the continuity equation with pg = p and p; = p if it solves

Iyt + V- (wryr) =0,
(07, 0¥ )tefon) —argmm/ /2||wt )|I>dyi(x)dt st { 2t bt
Yt, Wt YOZP1Y1:,M-

4.1.1 Benamou-Brenier formulation of optimal transport

Our goal will be to prove the following result, which unifies the static formulations we
saw in Section 1.4 and the dynamic version of transport via vector fields.

Corollary 4.2 (Benamou-Brenier formulation). It holds that

1
W6 ) = min [ [ L) dviz) a

Yt, Wt

over all pairs (y¢, w;) that satisfy the continuity equation with endpoint constraints yy = p
and vy, = M.

4.1.2 Proof via dynamic dual formulation

As with all previous formulations of optimal transport, the dynamic formulation also
comes with a dual interpretation, reminiscent of objects from the literature on optimal
control. We follow the discussions in [CGP21].

We will compute the dynamic formulation via Lagrange multipliers, where our con-
straint is the continuity equation. Letting ¢; : RY — R be a family of smooth functions
indexed by t € [0,1], we have

inf //szt MPve(x) + gt (rve + V - (wryr) ) dxdt.

Ytt

An application of integration-by-parts gives

1 1
/ /0 gtoyyrdtdx = / (g1Y1 — goYo) dx — /O / 0:gryrdx dt,
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where the boundary terms here do not depend on the intermediate path or velocity field,
and so we omit this term. Another application of integration-by-parts gives

1 1
//0 gtV . (tht) ditdx = —/0 /(Vgt,wt)yt dth,

where, here, we assume the boundary terms vanish. Together, we arrive at

inf /01 /(%Hwt(x)ﬂz —0igr — (Vg w))vi(x) dx dt.

(yf/wt

For fixed vy, optimizing over w; yields an optimal vector field v; := w} as a function of
the multiplier

vi(x) = Vg (x), (4.1)
with the resulting objective being
e 1 5
I%f/o /(—8tgt = 5IVeel)vi(x) dxdt + /g1 dp — /go dp.
The minimization over nonnegative v; is finite only when
1 2
dgr + 5[ Verl[® < 0.

Thus the dynamic dual is naturally posed over Hamilton-Jacobi subsolutions, but if the
constraint is saturated, then we can safely write

1
orgt + §||Vgt||2 =0. (HJ)

Subject to a terminal condition g; = g at time ¢ = 1, the dual objective is

sgp{/gdu—/godp},

where (gt);c[01] is the backward Hamilton-Jacobi evolution. Keeping the time indices
explicit, we define the backward Hopf-Lax operator for s > 0 by

— su =yl
Qsg(x) : yp{g(y) -1

whence g = Q;_,¢ is the viscosity solution of (HJ) with terminal value g; = g. At time
t = 0 this gives

i) = Qiglx) = sup{aty) — 5lle — v’} = ~°(x),
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where we recall the c-transform from Section 1.5.2. Choosing the terminal condition g =
g°¥ therefore gives

/gdﬂ—/godpz/g""dﬂ—/(—(gp”)c)dp

= 3Wip,p).

4.2 Geometry of optimal transport

We previously saw that the Wasserstein space (P, (IR?), W5) is a metric space, allowing us
to meaningfully distinguish probability measures, and metrize weak convergence. Here,
we will see that the Wasserstein space effectively mimics a Riemannian manifold and
enjoys a notion of calculus.

4.2.1 Primer on Riemannian geometry

A set M is called a manifold if it is locally homeomorphic to a Euclidean space. (Note that
this already poses a challenge with the Wasserstein space, as Euclidean spaces are always
finite-dimensional whereas the space of probability measures is infinite-dimensional.) For
x € M, we write Ty M for the tangent space at x, which consists of all tangent vectors
emanating from x. For each x and corresponding TyM, we can define an inner product
gx, called a Riemannian metric. Altogether, these elements define a Riemannian manifold.

A geodesic is defined as the shortest path between two points xg, x; € M, written
(xt)efo,1) € M, and given by the solution to the following variational problem

(xt)te[o,l} € argmin/ ||Ct“§(ct) dt, (4.2)
(Ct)te[o,l]

where the minimization occurs over all admissible curves between xg and x;.

For xo € M with velocity v € Ty, M, recall that the exponential map exp, (v) gives
the terminal location after a unit of time along v. The inverse mapping is known as the
logarithmic map log, (x1) € TxyM, which yields the initial tangent vector for the geodesic
from x( to x1. Finally, for t € [0, 1], we can write geodesics over M as

Xt = expxo(tlong(xl)) .

4.2.2 Riemannian view of the Wasserstein space

Our goal now is to provide a Riemannian interpretation of the Wasserstein space, the
space of probability measures with finite second moment endowed with the 2-Wasserstein
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metric. Actually, we will work over the space of probability densities with finite second
moment, for reasons that will become apparent momentarily.

If p, 4t € Paac(R?), then their geodesic would be defined as the solution to the varia-
tional problem

1
“ . : 2
(P)icion) € argmin [ 12, A",
0
(Yt)iepo)
where the curves have endpoints p and y, although the metric and tangent vectors are
not yet defined. However, the Benamou—Brenier formulation expresses the 2-Wasserstein
distance as the kinetic energy of an optimal path, written

Lz = [ Y, at
TWo) = [ 5 l0F 1

which is essentially of the form we want, and gives us all the ingredients we need to
describe a formal Riemannian structure.

The inner product that emerges from the Benamou-Brenier structure is the L? inner
product, which writes

80, w) = [ (0(x),w(x)) do(x),

for p € Py ac(R%) and two vector fields v, w. The tangent space will then consist of (the L2
closure of the space of) gradient fields

T,Py(RY) = [y p € CoR)] .

This can be seen because of the continuity equation. Indeed, recall that for a curve
(Yt)te[o,1) and corresponding velocity (vt);¢(o1), we have that

oyt = =V - (vivr) .

Going a step further, we see that testing against a smooth function ¥y € C®(R“) and
integrating by parts gives

%/lPdYt=/<VIPzUt>dYt-

Thus the density v; changes with v; only through its inner products with gradient fields.
Velocities orthogonal to all gradient fields do not affect this evolution, so we use the clo-
sure of gradient fields as our tangent space.

We now connect this to the more canonical description of a geodesic, which moves
particles in a “straight line” to their destinations, which is also governed by the Monge
formulation:

TWoo) = [ 10ty dt = 5 [ 1T () = x]2dp()
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We recall the McCann interpolation from (1.20), which suggests paths as
pf = (Tp)sp = ((1—t)id + tTp_’V)ﬁp.
Writing T = TP#, the particle starting at x has constant velocity T(x) — x, giving
vy (Te(x)) = T(x) — x.

The path is therefore optimal by the Benamou-Brenier formula.

We now further explain the constant-speed aspect. Let (P?)te[o,l] be the Benamou-—
Brenier curve from p to y. We can bound the 2-Wasserstein distance between p; and p}
as

Wlezp0) < [ ITi(x) = T(@)|2dp()
— (t—s) /HTx ) — x|Pdo(x) = (t—s)2W2(p, 1),

where in the first inequality, we used the naive coupling (T, T;);0, and used the fact that
(Tt — Ts)(x) = (t —s)(T(x) — x) by definition. Taking square roots gives W(p} ,p;) <
|t —s|Wa(p, u). However, 0 < s < t < 1, the triangle inequality gives

Wa(p, 1) < Walp,p5) + Walps, pr) + Walpr, 1)
< sWalp,u) +Walps, 1) + (1 —t)Wa(p, 1)

Rearranging gives the reverse bound Wy (o}, p;) > (t —s)Wa(p, it). Combining the two
inequalities, we see that

Wa(ps, 07) = |t —s|Wa(p, p).

Then we can see that the instantaneous rate of change in the curve is constant for all
te€0,1]

Wz(Pf* hrPt*)
lim — T W
hl—% |h| 20/ 1),

which implies that the McCann interpolation is indeed a constant-speed geodesic.
Putting everything together, writing v = T — id, the logarithmic and exponential maps
along this geodesic are

log, (1) =T —id,
exp,(tv) = (id +tv)yp, tel0,1],
pr = exp, (tlog, (1)) -
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4.2.3 Otto calculus

Let F : P(R?) — R U {400} be a functional of interest. The first variation of F, written
SF : R* = R, is given by

hm]—"(y+sn)—]—“

e—0 &

(1) _ / SF(u)dy, (4.3)

where 7 is a sighed measure.

We can now define gradient flows in the Wasserstein space, in analogy with gradients
in R?. Let (py, Wt )0 satisfy the continuity equation, i.e., p; defines a curve with corre-
sponding tangent vectors w;. If we are interested in the rate of change of a functional F
along this path, we arrive at

T
ouF (pr) = lim TPt =00

~ lim F (ot + hoipor) — F(pt)
N\0 h

= /5}"(pt)8tpt

=~ [0F(p)V - (pwr).

Using integration by parts, we have the relation

OF(or) = [ (VoF (pr),wi) dr

Note that this relation holds for any pair (o, wt),c(o1)- If we choose wy = —V3F (pt), we
arrive at the relation

ot F(pt) = _HV‘S—F(Pt)”%Z(pt)r

which suggests that the value of the functional is decreasing along curves p; which are
defined via vector fields (note, gradient fields) given by —V3F (p;).
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5 Diffusion models

The goal of this section will be to devise a stochastic flow that starts from the standard
Gaussian vy = N(0,1) and terminates at the complex distribution y. This is most com-
monly known as a diffusion generative model, due to the connections with diffusion pro-
cesses and the like.

5.1 Derivation via forward and reverse OU

Diffusion models are based on the forward-reverse process ideas from Section 3.4.2. Our
forward process will be given by the Ornstein-Uhlenbeck (OU) process:

dX; = —X;dt+Vv2dB;, Xo~u, (5.1)

where we write y; = Law(X;). Multiplying (5.1) by the integrating factor ¢’ and applying
Itd’s formula (recall Theorem 3.4) gives

t
X, = et X + \/E/ e~ (=5) 4B, .
0
By the Ito isometry (recall Theorem 3.3), the covariance of the stochastic integral above is
t
2/ e 27 ds1 = (1 —e 21,
0
and thus the law of X; given Xj is
Law(X; | Xo) = N(e'Xp, (1 —e2)I),

for any t > 0. The t-marginal y; is obtained by averaging the conditional Gaussian laws
over Xg ~ u:

Hr = /N(e_tx, (1—e2)I)du(x).

As t increases, these means contract toward zero and the conditional covariance ap-
proaches I.

Now, as our goal is to transport from N (0, I) to i, we can meaningfully define the
reverse process following the manipulations in Section 3.4.2. Letting T € (0,0), for t €
0, T], define X~ := Xr_; the reverse SDE is then given by

dX;{ = (X{ +2VInur_ (X)) dt +V2dB,, X§ ~ ur. (5.2)

The continuous-time diffusion sampler underlying DDPM replaces the exact initial law
by the stationary distribution (i.e., the standard Gaussian) which induces some negligible
initialization error:

dY,” = (Y +2VInur_(Y))dt +v2dB;, Y5 ~N(0,1). (5.3)
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Exponential convergence to the Gaussian. Here we briefly describe how to derive the
exponentially fast convergence of the OU process to its stationary distribution using a
technique called synchronous couplings.

We begin by choosing an optimal coupling of # and v, resulting in E|| Xy — Go||* =
W2(u,v). We then draw an independent Brownian motion and drive the OU process
with this same realization, resulting in the two processes

dX; = —X;dt +Vv2dB;, dG;= —G;dt+ Vv2dB;.

Note that G; ~ vy for every t > 0. Subtracting the two equations cancels the common
noise and solving the resulting ODE yields

X — Gy = e_t(XO —Go) .

Consequently, (X;, G¢) is a coupling of y; and y and the definition of the 2-Wasserstein
distance yields

W3 (e, v) < E[[Xe — Gi||> = e E|| Xo — Gol|* = e * W3 (n, ).

5.2 Denoising score matching

Note that the score function (V In ji¢ )~ is not available a priori. Our first goal is to define
a tractable objective function that lets us learn the score function from finite data.

Our ideal objective is the following: For any t > 0, optimize the neural network sy to
the score function VIn y; i.e.,

Looem(8,1) = [lse(,t) = VInpe|T(,, - (5.4)

However, p; is unknown to us. To obtain a tractable objective, we expand (5.4) and invoke

integration-by-parts. Writing C; = ||V log j¢[|?, ) we obtain

(1
5o, £) = VI pel2ag,,) — Co = liso (- 8) 22,y — 20500 ), Vi) 124
= IIsa. ,t>||Lz —2<59('/f)fvﬂt>L2
= 5o 8) ) +2 [ V500, t) dpr

Now, we make use of the formula for y;, namely, we write yi; = Law(y;) where yo ~ 4,
and y; = myyy + 01z, where z ~ N'(0,I) and m; = e~ and 03 = (1 — e 2)1/2, This
perspective yields

[V solys,t) dusly) = [ 9 -so(miyo + vz, ) dy(z) dpa(yo)

Again by integration by parts, we can pass the divergence term to the density of the
standard normal distribution, using the identity

Vy(z) = —zv(2).
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Together, we obtain

—2(sg(+, 1), VInpr)r2(,,) = %/(Se(ybt)rz> dyo,1(z) du(yo) -

As this term is an inner product, we can rewrite our original objective as a different
quadratic loss (up to irrelevant additive constants):

Looem(8,1) = [Ise(-/t) = VInpel|72 ) = Ellse(Yi ) + (o) ' Z|* +C,  (55)

where the expectation is such that Yy ~ y and Z ~ N (0, I) are independent.
Now we are in a position to recast our ideal objective through an empirical-risk mini-
mization, as we can approximate, for any f > 0, Lpppm(0, t) by

Loopm(6,1) = Z||s9 O 5+ (o) 1z0)2, (5.6)

where we draw 7 i.i.d. samples from the target and the standard normal distribution. This
procedure is succinctly summarized in Algorithm 5.

Algorithm 5 Training score-based diffusion models

Inputs: Sampler for target distribution y, noise distribution sampler ¢ € P ([tmin, T])
Initialize: Neural network sg : R? x R — R?
while not converged do
Sample t ~ @
Sample Z ~ N(0,I) and Y ~ u
Define Yt = th + O'tZ
Compute EDDPM(GI t) = Hi@(Yt, t) + Z/O’tHZ
Update 6 < opt im(9; veﬁDDPM(G))
end while

5.3 Sampling with DDPM

Given a trained score approximation sy(x,t) ~ Vlogu(x), generating new samples
amounts to numerically integrating the reverse SDE. Initializing with Y~ ~ N(0,) and
choosing a schedule 0 = tp < t; < --- < ty = T and hy = tj 1 — t;, the resulting
Euler-Maruyama discretization of (5.3) becomes

11d
Y :Y;erhk(Y;er%e(Yf,T—fk)) +V2h &, Sk~ N(O,I).

It is possible to instead integrate the linear term exactly while freezing the score over the
step; this results in an exponential-Euler update

Vi, = Y 20 — 1)sp(YE, T — ty) + Ve — 1.
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5.4 The probability flow ODE and its properties

Following Section 3.4.1, notice that we can write the Fokker-Planck equation (5.2) in the
form of a continuity equation with velocity given by x + V log ur_(x).

X5 =X 4+ Vinpur_ (X)) (.7)

As before, the ODE has the same t-marginals as the reverse SDE when initialized from
ur, just different paths. The ODE described in (5.7) is known in the machine learning
community as the “probability flow ODE”. As before, if we apply a standard forward
Euler discretization, we obtain

Zk+1 :Zk+hk<Zk+59(Zk,T—tk)>, Z()NN(O,I)

Since the ODE has no Brownian motion term, it can also be integrated with standard
higher-order ODE solvers (e.g., RK4).

Perhaps surprisingly, the probability flow ODE was first studied by [KM12] in a com-
pletely different context. Their goal was to generalize Caffarelli’s contraction theorem
[Caf00] to more general distributions (recall Section 2.6.1). Kim and Milman [KM12] pro-
posed to instead analyze the flow map of the probability flow ODE: let TIEIC[ denote the
flow map generated by (5.7), which transports ur to y; then formally define TIPéM =
im0 TIZ’{/’[, which then transports pe =y = N(0,1) to p.

The next two theorems describe intriguing mathematical properties of this map which
stand similarly to those of optimal transport maps. Before stating the results we require
the following assumption:

o0

V2log Qs [j_z} () =1+V?loggl(-) <61, and sup [ 6,du < co, (©)

>0 Jt

where g} is the density, and Qs is the Ornstein—-Uhlenbeck semigroup.
A first result gives a bound on the Lipschitz constant of the Kim-Milman heat flow
map under suitable conditions on the measure.

Theorem 5.1. [KM12; MS23] Suppose that y satisfies (©). Then T{éM is Lipschitz with con-
stant

Lip(Thy) <exp( [y 6sds).

The following corollary provides a concrete example where we have a bound on the
Lipschitz constant.

[ Corollary 5.2. [BP25] Suppose p < exp(—V'), where V.= W + H with W a-strongly convex}
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and H is a smooth L-Lipschitz perturbation, with o« > 0. For s > 0, a valid bound in (©) is

I Sl S e*L? N 2Le%
(@@ -1 +1 (@@ -1 +1)2 7 (g 1) +1)32eE -1

and therefore

0s

. _ L2 2L
Lip(Thky) < a™ /2 exp(i + W> .

. S/

Notice that if L = 0 (i.e., p is strongly log-concave), we recover the same Lipschitz
constant as for optimal transport maps.

Our next result concerns the stability of these maps as a function of the target measure.
Unlike with optimal transport maps, merely satisfying the assumptions of Theorem 5.1 is
sufficient for a near-Lipschitz stability bound in Wasserstein.*

 Theorem 5.3 (Near-Lipschitz stability of the Kim-Milman map [CEP26]). Suppose u ]
sati;ﬁ(;s (©), and let v € P (R?). There are finite constants cu, ¢y > 0, depending only on p,
such that

/

Thye — Thaallize) < euWalpv) log (2 + o i— ).
KM KMIIL2(y) = ¢ 7 Wz(y,l/)

“Importantly, the assumptions of Theorem 5.1 do not imply that the map is bi-Lipschitz.
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6 Dynamic transport via neural ODEs

We now turn our attention to a generative modeling family based on (neural) ordinary
differential equations known commonly as flow matching [LCBHN+22] (also known as
stochastic interpolants [AVE22] or rectified flows [LGL22]).

6.1 Flow matching
Recall that (pr, wt)sc(o1] € €(p, i) satisfy the continuity equation if
opr = =V - (wipt), po=p,01= 4. (6.1)
At the level of the individual particles, this means that X; ~ p; is such that
Xi=wi(Xs), Xo~p, (6.2)

and X; ~ pu.
We want to develop a procedure that allows us to generate new samples from y, or
transport samples from p to . Based on the above ODE, we will want to simulate

Xt = weo(xt, t) Xo~p,

where wy : RY x [0,1] — R? is a neural network that is to be trained using finite data.
With enough samples and training, etc., we suspect that simulating the above ODE will
result in valid samples.

Perhaps the most ideal algorithm is to fit our vector field of interest w; with the neural
network wy by minimizing the following objective given p;:

1
min /0 / lwe(z, £) — wi(2) ]| dpy(z) dt . 6.3)

Unfortunately, this approach is intractable as the pair (pt, wt)c[o,1) is unknown a priori.

6.1.1 Algorithm derivation and pseudocode

To continue, we will first instantiate a particular path.
Fix y ~ p, and let p;(-|y) be a path such that

po(-ly) =p(),  p1(-ly) = dy.

In words, the path completely degenerates to a point mass at time ¢t = 1, completely
forgetting anything about the source measure p.

Note that the original path can itself be factored such that this same conditional path
appears:

pi(z) = [ pr(aly) duty).
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Now, suppose for each y € supp(yu), there exists a pair (o:(-|y), we([y))eoq) € € ie.,
there exist conditional path—vector-field pairs that each satisfy the continuity equation.
What is the natural way to aggregate the vector fields? Returning to the continuity equa-
tion, we have

atpt(z) — at/Pt(ZW) d]/l(]/)
:/5mddwduW)
::/-V-@AAWW&WDdMW
:_v.(/m@wmxwwdmw)
9 (o) [ (el 2EE ).

The calculation above shows that one valid choice of velocity field is

p(zly)

we(z :/wtz )——==d . (6.4)

(2) W= e W)

This is to say: given a conditional vector field family, the aggregate vector field for the full

path can be naturally seen as an appropriate averaging of many conditional vector fields.
To obtain a tractable algorithm, we substitute (6.4) into (6.3), resulting in

mjn [ n(z,1) — [ 0lal) 2252 ] o) .

By the law of iterated expectations, up to a constant, we can write the above loss as

1
min [ [ [ |[wa e, £) = i Cerly) | dos () dpw) (65)

These brief calculations show that if p;(-|y) and w;(-|y) are known to the practitioner by
design, then we can efficiently minimize an upper bound on the flow-matching loss and
still fit wp.

Recall that the basis of this whole construction is a path p(-|y) that equals the source
distribution at time t = 0 (that is, po(:|y) = p(+)) and degenerates to p;(-|y) = J, at time
t = 1. The most natural path is the following straight-line path:

X = (1—t)X +ty, (6.6)

where X ~ p is a random variable but y € R? is fixed, and ¢t € [0,1]. For example, if
p = N(0,1), then X; ~ p;(-|y) = N (ty, (1 — t)2I). In this case, different paths at the level
of the particles give rise to different expressions for the resulting Gaussian density.

For other source measures p, a closed-form expression for p;(-|y) might not be possible
to obtain. Thankfully, this is not an issue as we only require that the companion velocity
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tield be explicitly defined. Indeed, for the straight-line path, we obtain X = y — X. This
results in the objective

Lra(0) = [ [ oot x) — (v — ) [Bolx) dp(y) . ©7)

This relation from (6.5) holds since, at the level of the particles, p;(-|y) = Law(X;) which is
obtained by merely sampling from p, given y ~ . In practice, this objective is minimized
by sampling minibatches of data from the source and target distributions, and randomly
drawing t ~ Unif([0, 1]).

6.2 Alternative derivation via stochastic interpolants

Letting p, u denote two arbitrary probability distributions, write (Xy, X1) ~ p ® p (though
in principle this can be any coupling), and draw Z ~ AN (0, I) independently of p and p.
Consider a process (Xt)c[o1] defined as

Xi = I(Xo, X1) + ot Z,
where I; : RY x RY — R¥ and we impose the conditions
Io(xo,x1) = x0, Ii(xo,x1) =x1, 0p=01=0.
For instance, a suitable parametrization would be
Ii(xo,x1) = axo + Prx1, wg=P1=1,01=po=0,

for coefficients (at, Bt)c(o,1)- Let v+ := Law(X;), we want to write down a corresponding
velocity field w; such that the pair (v, wt)te[o,l} € ¢P¥. To this end, letting I be a smooth
test function, we have by chain rule

/ hory: dx = 9:Bh(X:)

= atlEh(It(XQ, Xl) + U'tZ)
=E(Vh(X;), ft(Xo, X1) 4+ 0:Z)
= E(Vh(X:), Bpspey i (Xo, X1) + rZ|X4]),

where the last line follows by the law of iterated expectation. Writing
wi(xt) = Bpopay[I1(Xo, X1) + 1 Z| Xt = x4], (6.8)

we conclude via integration by parts that (vt, wt)c[o,1) satisty the continuity equation. We
then regress a neural network onto this velocity field using the loss

1 .
Lsi(0) = /0 Ellwe(t, Xt) — (X0 + prX1 +nZ)|* dt,
which again leverages the law of iterated expectations. See Algorithm 6.
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Algorithm 6 Stochastic interpolants (aka flow matching)

Inputs: Sampler for source distribution p, sampler for target distribution u
Initialize: Neural network wy : R? x [0,1] — R?
while not converged do
Sample (X,Y,Z) ~p@ Uy
Sample t ~ Unif((0,1))
Define Xt = DCtX + ,BtY + O'tZ
Compute Lgi(0) = ||[wg(t, X;) — (X + BrY + 1 Z) ||
Update 6 < opt im(6; VoLgi(0))
end while

6.2.1 Mini-batch sampling

Notice how in the derivation of stochastic interpolants, we did not use the fact that
(X0, X1) ~ p ® p. In fact, one can choose any coupling 7t € I'(p, 1) and the derivation
still goes through. However, 7t is often not known to the practitioner (otherwise there are
other methods to use). Also, if the dataset size is massive, even obtaining the (discrete)
entropic coupling can be potentially problematic.

Still, [PBHDEA+23; TEMH+23] leveraged this idea to improve the training dynamics
of flow matching at the level of minibatches used during training. The modified pseu-
docode is given in Algorithm 7.

Algorithm 7 Minibatch-OT sampling for flow matching

Inputs: Sampler for source distribution p, sampler for target distribution u
Initialize: Neural network wy : R? x [0,1] — R?
while not converged do
Sample X(1),..., X®) ~ o
Sample Y(l),...,Y(b) ~ U
Compute minibatch OT coupling 7 between (X(1),..., x®),;y(M) . y()
Sample t(), ..., ) ~ Unif((0,1))
Define X" = (1 — t0)X(0) 4 ) y&()
Compute Ly (0) = b1 L8 [[awg (0, X{) — (¥ — x (D)2
Update 6 < opt im(9,‘ V@EMB(Q))
end while

Despite the persistence of the curse of dimensionality, the use of minibatch couplings
has been shown to substantially decrease the number of function evaluations (i.e., the num-
ber of ODE steps when integrating) before obtaining a reasonable sample.
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6.3 Flow matching beyond Euclidean spaces
6.3.1 Riemannian flow matching
We now describe how to modify the flow matching algorithm to take place over suffi-

ciently nice Riemannian manifolds.

Interpolations on manifolds. Recall the exponential and logarithmic maps from our
preliminary discussion on geodesics and manifolds from Section 4.2.1. To extend these
ideas for the purposes of flow matching, we draw independent endpoints xy ~ p and
x1 ~ M, choose the constant-speed geodesic between them as our path of interest. Con-
cretely, for t € [0,1], we choose

xi = exp,, (tlog, (11)) = exp,, (1 - ) log, (x)),

. ]‘ngt(xl) .

Xt = 1—¢ :wt(xt\xl).

Deriving the objective function. For (Xy, X1) ~ p® u, define X; to be the random
geodesic interpolation above and write p; = Law(X}). Its marginal velocity is given by

wi(x) = E[X; | Xp = x] € TLM.
To understand the path p;, we differentiate against a smooth test function and arrive at

L Eh(X)] = E[(Vgh(Xe), Xi)g(x,]

dt
_ / (Vgh(x),w(x))g(x) dpe(x)

where recall (-, -) ¢(-) is the Riemannian metric inner product, and V¢ denotes the Rieman-
nian gradient. This implies a Riemannian continuity equation

atpt + divg(ptwt) = 0, Po=p, P1=HK.
From here it is easy to convince oneself that the ideal objective is
! 2
[ st ) = ()12 dpe(o) i,

though, as in flow matching, this is not tractable a priori from data. Pattern-matching,
one can verify that instead the right loss to use is

1
Lee(0) = [ [[ Iwaxe,t) = 1112, do(xo) dpx)

where g(x;) is the metric of the tangent space at the intermediate point x;.
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Example: Euclidean space. For M =RY, exp_(v) = x + v and log_ (y) = y — x. Hence

X1 —X
1—t’

xp = (1—1t)xg+ txq, wi(x | x1) = Xt = X1 — X0 .

Example: The sphere. Suppose M = §¢ C RY*! with the induced metric, so T,S? =
{v:x"v=0}and [9]lg(x) = lloll2. If we define a = arccos(xy x1) € (0,7), we compute

X — sin((1 — t)oc)xO L sin(toc)x
sin« sina L’
«

(—cos((1 —t)a)xg + cos(ta)xy) .

Xt = —
SN

Sampling. At generation time, start from zp ~ p and integrate z; = wy(z¢,t). As an
example, a Riemannian-Euler step would be given by

Zpn = exp, (hwg (2, 1)),

provided the exponential map is easy to compute.

6.3.2 Wasserstein flow matching

The RFM framework applies to any Riemannian manifold M. An important instance,
introduced in [HPPA24], sets M = P,(R): the Wasserstein space.” This is natural when
each data point is itself a probability distribution—for example, a 3D shape observed as a
point cloud, or a cell’s gene-expression microenvironment.

Let pg, p1 € P(P2(IRY)) be a source and target distribution over distributions. For a pair
i ~ po and v ~ p1, the conditional interpolating path is the McCann interpolation

pe= (T Yy, T/ = (1—t)id+tT[",

which is the constant-speed geodesic in Wasserstein space. The corresponding velocity
field is

vy = (T —id) o (T/ )7L,

so that X; = v4(X;) for Xo ~ p traces X; ~ p;. Substituting into the RFM objective yields
the Wasserstein flow matching (WFM) loss

1
Lwem(0) = /0 / 1 fo(pe,t) = el T2,y dpo(p) dps(v) dt. (6.9)

SOf course, the Wasserstein space over suitably regular measures is only formally the same as a Rieman-
nian manifold, though technically it is not.
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Bures—Wasserstein setting. When py and p; are distributions over Gaussians, the Mc-
Cann interpolation remains Gaussian, y; = N (my, Xt), with

my = (1 — t)my + tmy, Zt = TtZyTt; Tt = (1 — t)1—|— tCV_“’,

where CH 7V = Z;l/z(Z%/ZZVZ}/Z)UzZ;UZ. The tangent space at = N (m, %) in the BW
manifold consists of pairs (a,5) € RY x S? with BW tangent norm

1(a, ) 5wy = lall® + Te(S*2).
Along the interpolation, the Riemannian velocities are
iy =my —m,, PV = (CFV 1) (1= )+ tCFY)

These differ from the Euclidean time-derivative XF; the two are related by the Lyapunov
identity XF = 2PWx, + ,3BW. Matching only the Euclidean derivative (a naive baseline)
fails to respect the manifold geometry and produces degenerate covariance estimates in
practice. The BW-FM loss is

Lrw (0 / //Hf (e, 0),£) = (e, SPY) Sy db0() dpr (v) A, (610)
where fBW : R? x 87, x [0,1] — R x &7,

General distributions and equivariant architectures. When y and v are general, T/ "
has no closed form; one instead approximates it via entropic optimal transport on point-
cloud realizations using Sinkhorn’s algorithm. The architecture for fg is then constrained
by the geometry of the problem.

A point cloud X = {xi,...,x,} C RY represents an empirical distribution i =
n~1Y; 6y, which is invariant to any relabelling of its particles. The predicted velocity
tield must therefore be permutation equivariant: for any ¢ € Sy,

PCoX, t) = fYC(X, t).

A transformer (self-attention blocks without positional encodings) satisfies this require-
ment by construction. Letting

wij(X) = exp((x;, x;) V/Vd) / Zexp xi,x0) /N d)
denote the attention weights, the output at position i is

n
Atn(X); = Y ai(X) x;V
=1
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which satisfies Attn(0X) = ¢ Attn(X) for any ¢ € S, since both the weights a;; and the

values x;V permute consistently. With an entropic OT map T!'™" computed by Sinkhorn,
the discretised WFM loss is

[ IS 0= 00 = 30 o) dos )

where X; = (1 — )X + tT! V(X)) is the discretized McCann interpolation.
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7 Schrodinger bridge problem on path space

7.1 A minimization problem on path space

We first recall some preliminary notation regarding probability measures on path space.

Let path = C([0,1],IR%) be the space of paths with X; : path — R? given by the
canonical mapping X;(h) = h; for any h € path and any ¢t € [0,1]. For a path measure
P € P(path) and any t € [0,1], we write P; := (X;);P € P(IR?) for the t marginal of
P. Similarly, for s, t € [0,1], we can define the joint probability measure Py := (X5, X;);P.
Restrictions to [0, t] are written Pg ) (which restricts P to C([0, t], R%)) and we define reg-
ular conditional probabilities for the law of a path given its value at time t, which we
denote P|; (which is permitted since path is a Polish space).

For ¢ > 0, let R denote the law of the reversible Brownian motion on RY with dif-
fusion coefficient /¢, with the Lebesgue measure as the initial distribution.® The joint
distribution of the initial and final positions under R is then given by

dRor (x,y) = (2me) 2 exp(~L|x — y|[*/¢) dx dy.

With our reference measure in hand, we arrive at the Schrodinger bridge problem
defined over path measures where the initial and final marginals are given by y and v,
which we assume to have finite second moment with finite entropy:

min eKL(P|R) st. Pp=u,Pi=v. SB
,min eKL(P[[R) st Po=pP (s8)

Let P*¥ be the minimizer of (5B); the goal of this section is to characterize and estimate
P#. (We omit the € subscript for path measures to not conflate with the time-indexing.)
7.1.1 Equivalence to entropic optimal transport

If we now apply the chain rule for the KL divergence by conditioning on times t = 0,1,
the objective function (SB) decomposes into

eKL(P || R) = e KL(Po1 || Ro1) + € Epy, [KL(Po1 [| Rjo1)] -

Under the assumption that 2 and v have finite entropy, it can be shown that the first term
on the right-hand side is equivalent to the objective for the entropic optimal transport
problem in (2.3). Indeed, if T = Pg; € P(IRd x R?), then this term can be written as

ed 1
eKL(Por || Ror) = e#(m) + 5 log(2me) + 5 [ [ Ilx = ylPdri(x, ).

®Note that this is not in fact a probability distribution.
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If we have the finite-entropy condition, then indeed this can be recast as the EOT objec-
tive, resulting in

d
min eKL( | Ror) = e(H () +H(v)) + 7 log(2me) +OTe (1)
T UV

Minimizing, we see that Py; = mit"". If we now choose the measure P such that the con-
ditional measure Py is the same as Ry, then the second term vanishes. This can be
accomplished by connecting the source and target by a Brownian bridge.

Therefore, the objective function in (SB) is minimized when ng = 71! and when P is
nv

a mixture of Brownian bridges whose initial and final points are drawn according to 7t; :
P — [ RCIXo =2 X1 = y) dnt” (x, ). (7.1)

7.1.2 Computing entropic interpolations

We now compute the distribution P", sometimes called the entropic interpolation between
# and v. We compute directly from (7.1):

PV (z) = //./\/(z | (1= B+ ty,et(1 — HI) dr” (x, )
= (2me)"2( [ WIN (2| y, (1~ bel) dv(y))
< ( / DN (2 | x, tel) dpu(v))
= (27) 291 _pelest V) (2)ecle™ op)(2).

(7.2)

where we write the heat semigroup acting on a measure Q as

Q — 95[Q](2) = (2ms) "2 / e E18-2P g0 e).
Let’s now write

01(z) = Da-nelexp(gt /e)v)(z),  fi(2) = $uelexp(fL" /)] (2).-

7.2 Formulation as a drift minimization problem

A third formulation of the Schrodinger bridge problem is in terms of drifts. Indeed, as R
is a path measure, an application of Girsanov’s theorem yields the following optimization
problem.
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Proposition 7.1. (SB) has the same minimizers as the following drift problem:

. N
min Llwi(2)||*>dos(z) At s.t. 9ot +V - (prior) = 3801, (7.3)
2 O
Pt, Wt pO = ‘u, Pl = 1.

Proof. Let R be the Brownian motion reference process, and let P be the process of interest
(with drift w; and marginal density p;). By Girsanov’s theorem [LG16], we have

dP
&)
. 1

=/0/E||wt(z)||2dpt(z)dt+\/ElEP[/O (we(Xe), dBY)| +eH ()

= /01/%||wt(z)szpt(z) dt +eH(n),

The term in expectation vanishes, and minimizing over all quantities completes the proof.
O

eKL(P||R) = 8]Eplog<

We now derive the optimal Schrodinger bridge drift.

Theorem 7.2. The optimal solution to (7.3) is attained at (p§, bf), where

bi(z) = eV1og H1_pelexp(gt' /e)v)(z) = eVloggi(z),

and p§ is given by (7.2).

J

Proof. We proceed by introducing Lagrange multipliers in the form of A; : RY — R; these
are meant to encode the Fokker-Planck equation as a constraint. Dropping the arguments
(of the functions and densities) for convenience, the resulting optimization problem is

/ / ||wt||2dptdt+/ /)\t 8tpt-|—V (ptwt) — —Apt) dzdt.

The only difference between this case and the derivation of the Benamou—-Brenier formu-
lation is the additional Laplacian term, for which two applications of integration by parts
yield

/)\t(Apt)dZ = /(AAt)pt dz.

Combining all the terms, we arrive at

1
/0 /(%HthZ — (wy, V) — 0tAs — %A)\t>pt dzdt + //\1 dv — //\0 du.
Optimizing in w; results in

W?:b§:V/\t,
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and substituting this into the objective gives

1
| J(=3IVAE =30 = 5aA)prdzdt + [ Mdv— [ Aodn.

We now choose the family of Lagrange multipliers such that the first integrand is always
Zero:

1 2 €
—= — 0t — AN = 0.
VAT = 0Ar = 5AA =0
Now choose the following parametrization, called the Hopf-Cole transform

Mi(z) = elog(1:(2))

for a smooth function 7;. Under this parametrization, we have that

2
VLU WAL P o A T )
T nt 1t ni

Performing the necessary substitutions, we arrive at the backward heat equation
€
atﬂt + EAY]t =0.
Since time is between t = 0 and t = 1, #; is written as

N = Na—pelnl,

where 7 is a terminal condition that remains to be chosen. Note that Ay = elogny =
elog $¢[171]. A candidate choice is 77; = exp(gt" /¢e)v, which yields

Ao = elog(no) = —fI" — %log(Zﬂs) .
Putting everything together, we see that our objective is then
//\1 dv — /Ao du = /(slog(exp(géw/s)v)) dv — /( 1Y — @log(2me)) dp
v) + /fgwdy + /gﬁwdv + %log(Zﬂs) :

Adding the initial entropy term eH(y) from Girsanov’s formula, we recover the path-
space value in (SB):

eKL(P™ [|R) = eH(u /)lev—//\ody

=e(H(u)+H(v)) +OTe(p,v) + %log(Zns) :
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7.3 Algorithms
7.3.1 Plug-in estimation of Schrodinger bridges

Further developing the expression for bj, we obtain
(&2 ) gy =l /e
[ye 2(1-1)
z+
f (8" (v)— 2(117t
e
= (11 (24 Vol ().

From this, we can see the drift is expressed as a function of a particular entropic Bre-
nier map, namely, the entropic Brenier map between pj and v where the regularization
parameter changes with time, namely (1 — t)e.

Let XU, ... X ~ u and YD o ym <y and let Uy = n1 Y dx(), and sim-
ilarly vy, == m~! Y10y Let (f,3) € R" x R™ be the optimal entropic potentials as-
sociated with OT¢(py, Vi), which can be computed efficiently via Sinkhorn’s algorithm
[Cutl3; PC19]. A natural plug-in estimator is then

dV(y)>
dv(y)

bi(x) = (1- 17" (-

lz—yl2) /e (7.4)

~—|

E(z) = eV 1og H(1_p)c[exp(g/€)vm]

Lty YV exp((8) — gllz — YVI?) /)
" exp((§) — a2 — YO[2)/¢) )

= (1 =) (=2 + VP_pe(2))

(7.5)

:(1—ty4(—z+
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8 Few- and one-step generative algorithms

8.1 Flow map matching

Recall that for a family of vector fields (w;)ic[o,1), we write the solution map between
timess, t € [0,1] as

t
CI)s,if(xs) = Xs +/ wr(cbs,r(xs)) dr = x4,
s

which solves the ODE x; = w;(x;).
We collect some easy-to-derive properties below.

[ Proposition 8.1. For a suitably smooth flow map, the following hold for s, t, T € [0,1]:

q)t,’f o CI)s,t‘ = q)s,r ’
01 Ps ¢ (x) — wi(Ps(x)) =0,
as¢slt + <ZUS, vq)slt> — 0 .

(. J/

Recall that for p, € Pz(le), we use the following notation to denote stochastic inter-
polants:

Xt = It(xo, X1, Z) = KXo + ,thl + (TtZ .

8.1.1 Distillation

Suppose we already have a pre-trained model in the form of a family of vector fields
(bt)tefo,1) and we want to learn the flow map between arbitrary times, or simply improve
the discretization and require fewer function evaluations for generation. This is known
as “distilling” the model.

Let <I>§’t be some parametrization of the flow map, which we will always assume to be
of the following tractable form

DY, (x) = x + (t —35)0%(x,5,t),

where ¥ : R? x [0,1]? — R is a parametric neural network.
We will now write down some loss functions as a result of the computations in Propo-
sition 8.1. The first is known as Lagrangian map distillation.

Livp(0) = E|0:PE,(I(Xo, X1, Z)) — be (DY, (Is(Xo, X1, 2))) 1%, (8.1)

where the expectation is over (s, t) ~ w € P([0,1]?), and (X, X1, Z) ~ p @ u Q.
The next loss uses the other optimality condition, called Eulerian map distillation.

Lemp(0) = E|[0:DE ,(Is(Xo, X1, Z)) + (bs(Is(Xo, X1, Z)), VL (1;(Xo, X1, Z))) |*. (8:2)
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8.1.2 Flow map matching loss

Flow map matching was introduced by [BAVE24]. Recall the formula for w; from (6.8):
wi(-) = E[I(Xo, X1, Z) | X = ],

where the expectation is over (Xp, X1,Z) ~ p ® p ® v. If we make use of the law of con-
ditional expectations, we arrive at the following natural loss function that directly learns
a flow map P;;.

Linm (8) = E{ [0, (@1 (1)) — L|1* + 9 (@ (1)) — It} - (8.3)

The second term encourages the flow map to be invertible, and the first asks the instan-
taneous velocities to match the usual loss in (6.5). Another aspect to keep in mind is that
w € P([0,1]?) ought to be symmetric, as we want to enforce invertibility.

8.1.3 Eulerian estimation (aka consistency models)

[AAP: TODO]

8.2 An optimal transport perspective on generative drifting models
Drifting models

We adopt the standard notation from drifting models. Let e ~ vy = N(0,I) and let fp
be the one-step mapping we hope to optimize. Let F : P(R?) — R be a functional of
interest, and write ¢ — W.[g](-) : RY — R to be the Wasserstein gradient of F at g.
Finally, let sg(-) denote the stopgrad(-) operation, which removes the argument from,
e.g., PyTorch’s computational graph.

Let 0% be the parameters of the generative model for iterations k = 0,1,... Kmnax,
writing gy := gy« . Drifting models iterate between the following steps:

1. Compute W F[gi] and, for a parameter 7 > 0, define x — ¢(¥)(x) := x — W F[q4] (x)
2. Compute the loss £(8) = Ee~y |l fo(€) — sa(8™ (fy0 (€))) >
3. Update the parameters 1) < optim(8*); VoL () lo)-

Prior works have motivated this objective through the lens of Wasserstein gradient flows,
where 7 is supposed to play the role of a “time discretization parameter.” However, to
our knowledge, all works use the parameter choice 7 = 1. The use of the sg operator is
also curious.

Choices of F(q) include KL(q || #), MMD?(g, 1), and the Sinkhorn divergence S¢(g, ).
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Minimum Wasserstein estimators (MWESs)

For a parametric model gy and a target distribution p, minimum Wasserstein estimators
(MWES) are solutions to the following objective

min ;W3 (e, 1) g0 = (fo)sv- (8.4)

For many years, such a methodology (as well as its approximation) was deemed unfavor-
able in the machine learning community as they require backpropagating through exact
or approximate solvers.

MWEs as idealized drifting models

Let W(q) := W2 (q, u) for p fixed. It is straightforward to derive the following relation
WW(g)(x) = x = Tg"(x),

where Tg " is the optimal transport map from g to y. If we choose 77 = 1 as suggested
from prior work, then the drifting model loss becomes

L(8) = Eenvyllfo(€) — salfyw (€) = (fom (€) = To " (fom (€))7
= Ecnyllfo(€) = sa(T3 " (fuw (€))%,

where we recall g = q,(). The update proceeds as normal.
To relate this to MWEs, we rewrite the objective using the Monge formulation of opti-
mal transport

min IW3(q0, 1) = minmin [ 3x— T(x)|Pdge(x) st Tugo = p-
From here, we define the objective
A1) = B lIfole) —h(e)|? st hey = p.
Fix 8(K). Optimizing in /1, we want to solve
min A(6%), h) = min Ee.| ) —n(e)|? st hy=up.
Notice that for any & : RY — R, it holds that

IW2 (G0, 1) < YEery || £ (e) = h(e) |2,

by choosing the suboptimal coupling (fyx), #)sy. If g,4) has a density, then minimizing
over all functions i implies that the minimization is attained at

_ 7k H
he =Ty" " o fow -
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This follows from the definition of %sz(qu), y) and the pushforward identity.
Now if /7 is fixed, and we optimize in 6, then

min A(9, 1) = min Eewy | fo(e) = I (€)[|* = minEewy || fo(e) = T¢*" (fy ()17

which is precisely the update obtained from the drifting model formulation. Here, the
stopgrad aspect naturally emerges from viewing minimum Wasserstein estimation as a
two-stage optimization problem.

Moreover, one can also view the stopgrad mechanism from the envelope theorem.
Indeed, we can write

VeoiWZ(qo, 1) = 1V A0, 1),

for hy which solves the nested optimization problem, where the derivative on the right
holds hj fixed. The factor % accounts for the unscaled squared loss in \A.
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