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What to expect in this talk

A principled algorithm for mean-field variational inference
with convergence guarantees
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Sampling from posterior measures

Task: given m o< eV, draw samples from 7 to estimate parameters

Method (a): Langevin Monte Carlo (LMC)



Variational Inference

Task: given m o< e~V , draw samples from 7* where

d
m* € argmin KL(ul||7) = arg min/log(—'u) du
ueC neC dm

where C is a family of probability measures
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Few existing guarantees for VI

e VI is a widely used computational paradigm

' Variational Inference: A Review for Statisticians

David M. Blei
Department of Computer Science and Statistics
Columbia University

Alp Kucukelbir

the Wasserstein geometry
Department of Computer Science

Columbia University
Jon D. McAuliffe

Department of Statistics
University of California, Berkeley

May 11, 2018




Optimal transport and Wasserstein geometry

Optimal transport map 7°7" := argmin [[id — 7|7,
Gradient of a convex function TET (po,p1)
Brenier (1991) T (po,p1) =11 : Typo = p1 }
i.e., for X ~ po, T(X) ~ py
Wasserstein distance W3(pg, p1) = |lid — T4,
2 L*(po) .
Ws-geodesically convex sets
Paths in W5 pe = (1 —)id + tT° 7 )ypo € C

‘McCann (1997)] (examples include Gaussians and space of product measures) c
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Current algorithms for MF-VI

Recall 7 (01, ...,04) = (75(01),...,75(0)) = @L,75(6;)

Implementation issues

Requires conjugacy priors

Problem becomes parametric

Particle approximations...

Neural networks....

Can we implement an algorithm that (better) exploits the Wasserstein geometry?
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Optimization over product measures

. . gradient How y
To compute 7* = argmin KL(p|| 7)) — ———— Oy = “— Vi KL(1¢ | W)‘p(R)@)d
pueP(R)®

77

' s e | ®d
VV = al = KL(-||7) is a-strongly (geod.) convex over P(RR) (See Lacker (2023))

Problem: hard to implement gradient flows over probability measures!
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Inspiration from generative modeling

At the end of the day, we just want samples trom 7*

Inspired by generative modeling, we want to find 7" : R — R% such that
for X ~p, T(X) ~ 7" (e.g., p=N(0,1))

Optimal transport provides a canonical choice for the map:

T*(LC) — (Tl*(wl)v SR T;(xd)) where 7 is some convex function
— (@D @)y () () o (2 monon

New goal: find 7™ using only query access to V' and VV
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Mathematical approximation (in 1D)

How to fit 177
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Mathematical approximation (in 1D)

How to fit 177 With piecewise linear monotone functions

lllustration of piecewise linear monotone interpolation

() = (0 (z — a;))
(@) = >0, Ay (@)

where 1;(z) ~ min{1, max{x,0}}
and A € RY

—— Monotone function
® Control points
—-== PLM interpolation
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Mathematical approximation (in 1D)

How to fit 177 With piecewise linear monotone functions

lllustration of piecewise linear monotone interpolation

V() = (6 (z - ay))
T ) = Y0 Ajs(w)

where 1;(z) ~ min{1, max{x,0}}
and A € RY

—— Monotone function
® Control points
—-== PLM interpolation
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Mathematical approximation (higher dim.)

In higher dimensions, there is a natural extension:

Hlus’ itHa IHustrattonraEplecawisa knear monotone interpolation

™

T

) d J 3\
T (:)3) — xfi—l szl )‘i,jwj (377;)62-
where 1, (z) ~ min{1, max{x,0}}
and \ € RY

~ vlohotone function
2 . r - )\ ®d ‘/ Control points
7T<> ‘ (TO)tLIO T (T )ﬁp E P(R) — - — claaty DLjr\rﬁ irnte[r':::'(::latic::»n
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Unfortunately, approximation is not possible

7 = argmin KL(u||7) ~ 7, Fitting to 1™ 1s not possible
peP(R)®d ) (because we don’t know what T™ is!)
True for J large enough

cone(V) = lx + S‘Z . S:] CAivi(x)e;, A eRY
16




Let's optimize directly over the parameterization

o
7 = argmin KL(p||7) = 7 = arg min KL(u || 7)
peP(R)®d HeEPo

cone(V) = lx + S‘Z . S:] CAivi(x)e;, A eRY
17




Main results for piecewise linear family
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Properties of pushforward cones

Proposing to solve 7 = argmin ,.p_ KL(p||7m) <= A\ = arg mm,\eRiJ KL (g || )

cone(W) == lx+ 30 Y7 Nijti(z)e;, AERY  and P, = cone(¥)yp
19




T'hese properties hold for polyhedral sets

Proposing to solve 7} = argmin,,.p KL(u||m) <= A} = argmin,,c KL(py || 7)
¢ Theorem: (P,, Ws) = (K, || - |lg) with Q;; = (¢, 1,),

Proof: Let puy = (T*)sp, ptr, = (T")3p € cone(W);p, then

d J
Wy (kas i) = 1T = Ty = | 32000 2251 (Mg — mig)seillay = 1A = I3

e Corollary: P, is a geodesically convex set (optimization is meaningful)

(convex subset)
cone(V) = Lo+ S0 S N wi(ai)er, A€ KCRY  and P, = cone(W);p
20




How to optimize over pushforward cones

Proposing to solve 7 = argmin ,.p_ KL(pl||7m) <= A\ = arg min)\eRiJ KL (g || )

Gradient flows over polyhedral sets: “Vyw KL (1t || 7) ‘ b = Q' VAKL(py || )"

Discretizing gradient flows over P,: AF+D = Projgas ()\(k> — hQ 'V KL (5 |7))

(and with Nesterov momentum!)

Need smoothness and strong convexity for convergence guarantees
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Road to convergence guarantees

Strong convexity is free (P, is geodesically convex, and V=V = al)

Remains to assert that A — KL(u, ||7) is 7-smooth and a-strongly convex

KL(pa || ) = + H(pn) +1og(2) = + /log 1y dpy + log(Z)

o If V°V < BI then \ — is also f-smooth

\ Choose £ = 1/+/0

41—=1

cone(¥) ==l + 3¢ S:;.]_l i jUi(xi)e;, A€ ]52{‘]



Accelerated gradient descent for VI

Algorithm 1 Accelerated projected gradient descent over cone(W)
Input: M9 € R%” functional KL(-||7)
Set N0 =\O x:=B(1+7T)/a
fort=0,1,2,3,... do
NGPE pTOJRiJ,Q(U(t) 5(1£LT) Q™" VA KL(p,w || 7))
n(t—l—l) A\t ﬁ: ()\(H—l) _ )\(t))

end for
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But are these minimizers actually close”

!

= argmin KL(u||7) ~ 7} = argmin KL(u || 7)

peEP(R)®d pEPo




(Quick proot sketch of closeness:

WZQ( T") = WQ((T )ep, (T7)sp) = || 1T — T*H%Z(p)

175 — T (1225 S NTE = Tollz2gp) + 176 — T[22

25



How close 1s this approximation?

lllustration of piecewise linear monotone interpolation

T (z) = 2:7']:1 ijj (z)
where 1;(z) ~ min{1, max{x,0}}
and A € RY

20



(Quick proot sketch of closeness:

WZQ(WZﬂT) WQ((T )i, (17)sp) = HTg_T*H%Z(p)

175 — T (1225 S NTE = Tollz2gp) + 176 — T[22

S I‘iQHTQ — T*H%ﬂ(p) -+ HTQ — T*H%Q (p) (smoothness + strong convexity)

< e+¢ (approximation is close to optimal)

/

Proof requires new regularity properties ot the Monge—Ampere equation

1 *\/ 1
WC) = = < (17) < —

(Caffarelli (2000))
27



Improvement under smoothness?
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Improvement under smoothness!
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Implementation?



Implementation (yes, we coded it!

adpuuvialllid vVicCd

import numpy as

from optimization utils import x
from misc_utils import *
from gaussian_utils import rho_gaussian_samples

class MFVI:
def __init__ (self, V, grad_V, mesh, trunc,dim):

self.v =V
self.grad_V = grad_V
self.mesh = mesh
self.trunc = trunc
self.dim = dim
self.] = int(2 x self.trunc / self.mesh)

self.lamb_opt, self.v_opt, self.T_opt = None, None, None

self.KL_vals, self.W2_vals = None, None

self.M_1d, _, self.Q, self.Qinv, means , self.gradent_num = Qgilgmmm§é§l(dim=self.dim, mesh=self.mesh, truncation=self.trunc)
def SPGD(self,alpha, h, h_v, lamb@, batch_size=1, num_iters=1000, tol=1le-3, compute_KL=False, compute_W2=False,ground_cov=None,stopping_cond=0,save_vals
self.alpha = alpha
if save_vals:
self.lamb_opt, self.v_opt, self.KL_vals, self.W2_vals, self.lamb_vals, self.v_vals = iggg@self.M_ld, self.dim, h, h_v, alpha, self.Q, self.Qinv,
self.grad_V, self.V, num_iter=num_iters, stochastic_samples = batch_size,
compute_KL=compute_KL, compute_W2=compute_W2, ground_cov = ground_cov,KL_tol=tol, stopp

else:
self.lamb_opt, self.v_opt, self.KL_vals, self.W2_vals = iggg(self.M_ld, self.dim, h, h_v, alpha, self.Q, self.Qinv, self.gradent_num , lamb@®, se
self.grad_V, self.V, num_iter=num_iters, stochastic_samples = batch_size,
compute_KL=compute_KL, compute_W2=compute_W2, ground_cov = ground_cov,KL_tol=tol, stopp

For the full implementation, visit: https://github.com /APooladian/MFVI
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https://github.com/APooladian/MFVI

Example: Bayesian Logistic Regression

We generate (for random X; and 6)

Y; | X; ~ Bern(exp(0'X;)),
V(0) =) [log(1+exp(d'X;)) —Yi0'X,].
1=1
Here, we considered d = 20 and n = 100.

Visualization of 2000 samples drawn
from the posterior using MFVI and LMC

Not strongly log-concave, but it still works!
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Recap and more:

Recap:
e “Nonparametric” parameterization of product measures

e Optimization is easy due to isometries; convergence rates are free

More:
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Open questions:

o Regarding Wasserstein polyhedra:

— Investigate statistical convergence guarantees
— Develop turther applications of polyhedral optimization
— Analogues with other geometries (e.g., sphere?)

e Regarding mean-field VI:

— Explicitly quantify constants (e.g., 1)
— Moving beyond setting where V4V = ol
— Other algorithms?
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T'hank you

Code for repo:

[m] ¥ [m]
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