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What to expect in this talk

<latexit sha1_base64="S6XkX5LAedbQ7arp3qi/mlUhE0k="></latexit>

Optimal transport
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<latexit sha1_base64="x+SCbKjo4G3eQNEil8V0c6UoxZ8="></latexit>

A principled algorithm for mean-field variational inference
<latexit sha1_base64="QBdoSXGqWXkHtPnrm7aXRw6GmdQ="></latexit>

with convergence guarantees

Generative modeling 



Sampling from posterior measures
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<latexit sha1_base64="+tJooGodgOhUfe6IVPrBFdeqzRY="></latexit>

1. Only requires query access to V and rV

2. Unpredictably long burn-in times per sample

<latexit sha1_base64="xuD1iBdnHjJNLYQgwRr4PhPRx7w="></latexit>

Method (a): Langevin Monte Carlo (LMC)

<latexit sha1_base64="3ggjNRZf9CfUPwl4A0VfEYBaY+8="></latexit>

Method (b): Variational Inference (VI)
<latexit sha1_base64="Rbq7ySuwJeM1zb58/iORow5Fs1c="></latexit>

⇡? 2 argmin
µ2C

KL(µk⇡) = argmin
µ2C

Z
log

�dµ
d⇡

�
dµ

<latexit sha1_base64="o1O0qc1t72ZEVJ0g+TMOrfCYhlE="></latexit>

where C is a family of probability measures

<latexit sha1_base64="1skwTWFavnZGxFGUo7TWswhXlaM="></latexit>

Task: given ⇡ / e�V , draw samples from ⇡ to estimate parameters
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• non-degenerate Gaussians,

• mixtures of Gaussians,

• location-scale families,

• product measures (mean-field VI) (this talk)

Variational Inference
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⇡? 2 argmin
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where C is a family of probability measures

<latexit sha1_base64="4Jgf2cJn+rm9E33hX1aHL8rASqQ="></latexit>

[Lambert et al. (2022), Diao et al. (2023)]
<latexit sha1_base64="+A4T9+qLWUVpQrhn38kTvX+oX7Q="></latexit>

[Lambert et al. (2022)]
<latexit sha1_base64="xDGW2srRs+aRi19MWgsdNXPnwgc="></latexit>

[Domke (2020), Domke et al. (2023), Kim et al. (2023)]

<latexit sha1_base64="7V/YmBkwzI4vhdJTd1/R0xolSkQ="></latexit>

Task: given ⇡ / e�V , draw samples from ⇡? where
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• non-degenerate Gaussians,

• mixtures of Gaussians,

• location-scale families,

• product measures (mean-field VI) (this talk)
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where C is a family of probability measures

<latexit sha1_base64="4Jgf2cJn+rm9E33hX1aHL8rASqQ="></latexit>

[Lambert et al. (2022), Diao et al. (2023)]
<latexit sha1_base64="+A4T9+qLWUVpQrhn38kTvX+oX7Q="></latexit>

[Lambert et al. (2022)]
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[Domke (2020), Domke et al. (2023), Kim et al. (2023)]

<latexit sha1_base64="qOS5HNrLzrU75do6Pl24OetyGio="></latexit>

⇡? 2 argmin
µ2P(R)⌦d

KL(µk⇡) = argmin
µ2P(R)⌦d

Z
log

�dµ
d⇡

�
dµ

Mean-Field Variational Inference
<latexit sha1_base64="7V/YmBkwzI4vhdJTd1/R0xolSkQ="></latexit>

Task: given ⇡ / e�V , draw samples from ⇡? where



Few existing guarantees for VI

<latexit sha1_base64="xMHArdeKEZ1Q2CfYupcMH0fhbGk="></latexit>

• VI is a widely used computational paradigm

• Convergence guarantees are very recent

• We borrow insights from previous works and study...
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the Wasserstein geometry



Optimal transport and Wasserstein geometry

<latexit sha1_base64="UfaX5MQrs78r18sysySREr4aW0A="></latexit>

T 0!1 := argmin
T2T (p0,p1)

kid� Tk2L2(p0)

<latexit sha1_base64="vOC0SwkK/l7uzNCmJvf7PoXxaqw="></latexit>

Optimal transport map

<latexit sha1_base64="yYy//o7HSyhXJdgnDeavBNg5AKs="></latexit>

Wasserstein distance
<latexit sha1_base64="V4ioDwsv0WT23CjbHzgU8Cb46wQ="></latexit>

W 2
2 (p0, p1) := kid� T 0!1k2L2(p0)

<latexit sha1_base64="07+/GYXcWNMCkusELjJOXaz646w="></latexit>

T (p0, p1) = {T : T]p0 = p1}
<latexit sha1_base64="lIpyadonjNW5AQw4Bf/OccMH2XQ="></latexit>

i.e., for X ⇠ p0, T (X) ⇠ p1
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<latexit sha1_base64="Zg7cY9OZoXwsUkmQUmdyyqD7RTY="></latexit>

Paths in W2

<latexit sha1_base64="jLasJAO4HyDOoTXNpQbdu1eppY8="></latexit>

pt := ((1� t)id + tT 0!1)]p0
<latexit sha1_base64="HA/jHTd5Xt97Itq/gdEJF9iJ8TA="></latexit>

(examples include Gaussians and space of product measures)

<latexit sha1_base64="/dQeNVHfWjv27QdyVOoulM1HwBY="></latexit>

Gradient of a convex function
<latexit sha1_base64="YG09JAFjiRGJhdKa1WIEvMLAUnk="></latexit>

[Brenier (1991)]

<latexit sha1_base64="OeKQcXT0/EP9oKrhAfhOvTDzFpQ="></latexit>

[McCann (1997)]

<latexit sha1_base64="E9Ku5MA5nXvxS0VDRM4SSmk7fqk="></latexit>

2 C

<latexit sha1_base64="GojmXkeXlus+L3C77SAAFlVC93k="></latexit>

W2-geodesically convex sets
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1. Bhattacharya et al. (2023): analysis of CAVI (Coordinate Ascent VI)

(⇡?
j )

(k+1)
= argminqj KL(qj ⌦ (⇡?

�j)
(k) k⇡) / exp

⇣Z
log ⇡ d(⇡?

�j)
(k)
⌘

2. Yao and Yang (2022): analysis of CAVI with JKO step

(⇡?
j )

(k+1)
= argminqj KL(qj ⌦ (⇡?

�j)
(k) k⇡) + 1

2h
W 2

2 (qj, (⇡
?
j )

(k)
)

Current algorithms for MF-VI
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Can we implement an algorithm that (better) exploits the Wasserstein geometry?

<latexit sha1_base64="6HKaBIHyjWtBpF44cloCyEsrZ4s="></latexit>

Recall ⇡?(✓1, . . . , ✓d) = (⇡?
1(✓1), . . . , ⇡

?
d(✓d)) = ⌦d

i=1⇡
?
i (✓i)

Implementation issues

<latexit sha1_base64="Z9yKdOIL2dOnI0QHdrOAgwVSvMI="></latexit>

• Requires conjugacy priors

• Problem becomes parametric

<latexit sha1_base64="kXzWsj9W5CShKDrzNTOLPRW4CiI="></latexit>

• Particle approximations...

• Neural networks....



Optimization over product measures

<latexit sha1_base64="I8LZ4AnbN8zjbZdv0LDkhUA+1y8="></latexit>

r2V ⌫ ↵I =) KL(·k⇡) is ↵-strongly (geod.) convex over P(R)⌦d

=) W 2
2 (µt, ⇡

?)  e�2↵tW 2
2 (µ0, ⇡

?)

<latexit sha1_base64="p+78/k8ryGicLg8XGdoEopz7e7I="></latexit>

To compute ⇡? = argmin
µ2P(R)⌦d

KL(µk⇡)
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<latexit sha1_base64="5v2e3AqhsGSE+I+7ih4hMrzCSv8="></latexit>

(See Lacker (2023))

<latexit sha1_base64="MH4h7U7TvDpYMOPtTXg61t24O9k="></latexit>

@tµt = “�rW KL(µt k⇡)
��
P(R)⌦d”

<latexit sha1_base64="8n0NfP16h6RHLikvWrDNG/DnPUo="></latexit>

gradient flow

Problem: hard to implement gradient flows over probability measures!
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Inspiration from generative modeling
<latexit sha1_base64="rCuKTRtcOCcyyMeRxNwFNFeODSo="></latexit>

At the end of the day, we just want samples from ⇡?

<latexit sha1_base64="eTzcQydFWp30wnirGwgSRjYu8Ik="></latexit>

T ?(x) = (T ?
1 (x1), . . . , T

?
d (xd))

= (('?
1)

0(x1), . . . , ('
?
d)

0(xd))

<latexit sha1_base64="EF99oCv4fItkOliJE9UCuncC3B4="></latexit>

New goal: find T ? using only query access to V and rV

<latexit sha1_base64="W20qYatW8PZdfQDqOn5cHBVbPMI="></latexit>

for X ⇠ ⇢, T (X) ⇠ ⇡?
<latexit sha1_base64="QP6jimy0AakV4o/7uFCVnxo2p+Q="></latexit>

(e.g., ⇢ = N (0, I))

<latexit sha1_base64="ZyJugoarIs+jCl/emLq0HepPD6M="></latexit>

Inspired by generative modeling, we want to find T : Rd ! Rd such that

<latexit sha1_base64="CshxBvRPEfcRc8IZG+iRHzs45rg="></latexit>

Optimal transport provides a canonical choice for the map:

<latexit sha1_base64="mYudfIyFRjkcNVrdrECTQQec/Sw="></latexit>

where '?
i is some convex function

<latexit sha1_base64="mQRXONPGAF5nNqxik70FvuNhYE8="></latexit>

i.e., ('?
i )

0 is monotone
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Mathematical approximation (in 1D)
<latexit sha1_base64="I9i0V+zegFG+D2BmNzxU2c6PfeQ="></latexit>

How to fit T ?
1 ? With piecewise linear monotone functions

<latexit sha1_base64="AsXoe8pS6doZbn+LjpRFeDNgeDQ="></latexit>

 j(x) =  ̃(��1(x� aj))

<latexit sha1_base64="vFnMfc0/M+yfqPRkI2MY56qowyY="></latexit>aj<latexit sha1_base64="J31GWMZKme/3B4THyBFx7I/QMWc="></latexit>

and � 2 RJ
+

<latexit sha1_base64="K1YY11te3MZaeTThxaY/X6zr/hI="></latexit>

T �(x) =
PJ

j=1 �j j(x)
<latexit sha1_base64="/P3B3rnIGfM5uFV24w6PfFr8k4I="></latexit>

where  j(x) ⇠ min{1,max{x, 0}}
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and � 2 RJ
+
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T �(x) =
PJ

j=1 �j j(x)

<latexit sha1_base64="I9i0V+zegFG+D2BmNzxU2c6PfeQ="></latexit>

How to fit T ?
1 ? With piecewise linear monotone functions

<latexit sha1_base64="/P3B3rnIGfM5uFV24w6PfFr8k4I="></latexit>

where  j(x) ⇠ min{1,max{x, 0}}

<latexit sha1_base64="AsXoe8pS6doZbn+LjpRFeDNgeDQ="></latexit>

 j(x) =  ̃(��1(x� aj))

<latexit sha1_base64="vFnMfc0/M+yfqPRkI2MY56qowyY="></latexit>aj

Mathematical approximation (in 1D)
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and � 2 RJ
+

<latexit sha1_base64="I9i0V+zegFG+D2BmNzxU2c6PfeQ="></latexit>

How to fit T ?
1 ? With piecewise linear monotone functions

<latexit sha1_base64="/P3B3rnIGfM5uFV24w6PfFr8k4I="></latexit>

where  j(x) ⇠ min{1,max{x, 0}}
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 j(x) =  ̃(��1(x� aj))

<latexit sha1_base64="vFnMfc0/M+yfqPRkI2MY56qowyY="></latexit>aj

<latexit sha1_base64="54plG5357WTAD2WEkSDyg27sI5Y="></latexit>

T �̂(x) =
PJ

j=1 �̂j j(x)

Mathematical approximation (in 1D)
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<latexit sha1_base64="/P3B3rnIGfM5uFV24w6PfFr8k4I="></latexit>

where  j(x) ⇠ min{1,max{x, 0}}

<latexit sha1_base64="xWgO5THbhvwCabi8UDRyXQbHd3E="></latexit>

T �̂(x) =
Pd

i=1

PJ
j=1 �̂i,j j(xi)ei

<latexit sha1_base64="bDM54eubQdrtrj+8RORuyMzlV8o="></latexit>

and � 2 RdJ
+

In higher dimensions, there is a natural extension:

<latexit sha1_base64="0gWNBMV8s4igYnhbprZ8+xuhVR0="></latexit>

⇡̂⇧ := (T̂⇧)]⇢ := (T �̂)]⇢ 2 P(R)⌦d

Mathematical approximation (higher dim.)



<latexit sha1_base64="KZCs6mkY9RZo329RBt6TH0ddcKc="></latexit>

P(R)⌦d

<latexit sha1_base64="czYt6jkoOns4zek1kqj68fpkbfo="></latexit>

⇡?
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<latexit sha1_base64="AZ5zv7DDl3B2FWxaNRHrTu8bOSY="></latexit>

⇡? = argmin
µ2P(R)⌦d

KL(µk⇡)
<latexit sha1_base64="cTikzYaP7prkMqE/0JGjIwtcOhM="></latexit>

' ⇡̂⇧

<latexit sha1_base64="vnz1haf4PpM2W9k0JjjOCQ0ztxk="></latexit>

P⇧ = cone( )]⇢
<latexit sha1_base64="0sjIAYwjswH3U9o6I4G5yH1NGT8="></latexit>

⇡̂⇧

<latexit sha1_base64="w4y74oVMrlQ6IJB/3peaJ12zY2E="></latexit>

True for J large enough

<latexit sha1_base64="UU/UqBnaLkQdXSJU2c6DD1d0LDk="></latexit>

cone( ) := `x+
Pd

i=1

PJ
j=1 �i,j j(xi)ei , � 2 RdJ

+

Unfortunately, approximation is not possible

<latexit sha1_base64="+5t112H1GOoMVRvXH826Dc8cms8="></latexit>

Fitting to T ? is not possible
(because we don’t know what T ? is!)
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P(R)⌦d

<latexit sha1_base64="czYt6jkoOns4zek1kqj68fpkbfo="></latexit>

⇡?

Let's optimize directly over the parameterization
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⇡? = argmin
µ2P(R)⌦d

KL(µk⇡)

<latexit sha1_base64="vnz1haf4PpM2W9k0JjjOCQ0ztxk="></latexit>

P⇧ = cone( )]⇢

<latexit sha1_base64="UU/UqBnaLkQdXSJU2c6DD1d0LDk="></latexit>

cone( ) := `x+
Pd

i=1

PJ
j=1 �i,j j(xi)ei , � 2 RdJ

+

<latexit sha1_base64="KdlUsOw3Dgd011TjmM9/Nz+KZk4="></latexit>

' ⇡?
⇧ = argmin

µ2P⇧

KL(µk⇡)?

<latexit sha1_base64="rlqhBLTRvX+OnPT42laxmHRLGZQ="></latexit>

⇡?
⇧ <latexit sha1_base64="ia0H7HAS9Gwn7riTKuXpWazX2vY="></latexit>µ(0)



<latexit sha1_base64="Hog5n/7M1joyZJxJkKyu0wkd/VY="></latexit>

Theorem (Computation). The number of iterations to find ⇡?
⇧ is O(

p
 log(

p
d/")).
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<latexit sha1_base64="rdEzGEM7ptVHrYk38wTDCvCIqnY="></latexit>

(WC) ⇡ / e�V with ↵I � r2V � �I for ↵, � > 0, with  := �/↵

<latexit sha1_base64="x+qXZqTSzGKl7eoER3/HNQ64hmo="></latexit>

Theorem (Approximation). If J = Õ(2
d
1/2

/"),
p
↵W2(⇡?

⇧, ⇡
?)  ".

Main results for piecewise linear family



<latexit sha1_base64="QHg96jhckrBEOqGpgpCX3o52SWY="></latexit>

Proposing to solve ⇡?
⇧ = argminµ2P⇧ KL(µk⇡)

19

Properties of pushforward cones

<latexit sha1_base64="UU/UqBnaLkQdXSJU2c6DD1d0LDk="></latexit>

cone( ) := `x+
Pd

i=1

PJ
j=1 �i,j j(xi)ei , � 2 RdJ

+

<latexit sha1_base64="vnz1haf4PpM2W9k0JjjOCQ0ztxk="></latexit>

P⇧ = cone( )]⇢and

<latexit sha1_base64="yf2ljxaXYPxeb7ZkMJnh/ncR6Q8="></latexit>

Proof: Let µ� = (T �)]⇢ , µ⌘ = (T ⌘)]⇢ 2 cone( )]⇢, then
<latexit sha1_base64="meBNUUAhzfPSAA62VTr8Ak5ZSOQ="></latexit>

W 2
2 (µ�, µ⌘) = kT � � T ⌘k2L2(⇢) = k

Pd
i=1

PJ
j=1(�i,j � ⌘i,j) jeik2L2(⇢) = k�� ⌘k2Q

<latexit sha1_base64="62hpFt87wsWxzSi5U6NWpLz/FDM="></latexit>

• Theorem: (P⇧,W2) ⇠= (RdJ
+ , k · kQ) with Qij = h i, ji⇢

• Corollary: P⇧ is a geodesically convex set (optimization is meaningful)

<latexit sha1_base64="OZTEQb04IONwWjTjzykRnYpJgak="></latexit>

() �?
⇧ = argmin�2RdJ

+
KL(µ� k⇡)
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Proposing to solve ⇡?
⇧ = argminµ2P⇧ KL(µk⇡)

20

These properties hold for polyhedral sets

<latexit sha1_base64="vnz1haf4PpM2W9k0JjjOCQ0ztxk="></latexit>

P⇧ = cone( )]⇢and

<latexit sha1_base64="yf2ljxaXYPxeb7ZkMJnh/ncR6Q8="></latexit>

Proof: Let µ� = (T �)]⇢ , µ⌘ = (T ⌘)]⇢ 2 cone( )]⇢, then
<latexit sha1_base64="meBNUUAhzfPSAA62VTr8Ak5ZSOQ="></latexit>

W 2
2 (µ�, µ⌘) = kT � � T ⌘k2L2(⇢) = k

Pd
i=1

PJ
j=1(�i,j � ⌘i,j) jeik2L2(⇢) = k�� ⌘k2Q

<latexit sha1_base64="3mPVE4AWumjQ3vGJI+NRQleKYY0="></latexit>

• Theorem: (P⇧,W2) ⇠= (K, k · kQ) with Qij = h i, ji⇢

• Corollary: P⇧ is a geodesically convex set (optimization is meaningful)

<latexit sha1_base64="wZ0Hj5+gH2hYGp1F1nDIrMPeZ8Y="></latexit>

cone( ) := `x+
Pd

i=1

PJ
j=1 �i,j j(xi)ei , � 2 K ✓ RdJ

+

(convex subset)

<latexit sha1_base64="tW37HJEjpFQ0EwiaDcsb+uhWUfk="></latexit>

() �?
⇧ = argmin�2K KL(µ� k⇡)



How to optimize over pushforward cones

<latexit sha1_base64="D6L4JKqG8H2I2A0qhD1aZKbsjSY="></latexit>

(and with Nesterov momentum!)
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<latexit sha1_base64="t9IE1KlOF+1DudtY1TUjHbokQvI="></latexit>

Discretizing gradient flows over P⇧:

<latexit sha1_base64="TjupmXBtwC4qfTKoq0X1BMzIdu8="></latexit>

Gradient flows over polyhedral sets: “rW KL(µt k⇡)
��
P⇧

= Q�1r� KL(µ� k⇡)”

<latexit sha1_base64="imr7hzF0B8vZpdSJytapITGx0U4="></latexit>

�(k+1) = ProjRdJ
+ ,Q

�
�(k) � hQ�1r�KL(µ�k⇡)

�

<latexit sha1_base64="QHg96jhckrBEOqGpgpCX3o52SWY="></latexit>

Proposing to solve ⇡?
⇧ = argminµ2P⇧ KL(µk⇡)

<latexit sha1_base64="OZTEQb04IONwWjTjzykRnYpJgak="></latexit>

() �?
⇧ = argmin�2RdJ

+
KL(µ� k⇡)

Need smoothness and strong convexity for convergence guarantees



Road to convergence guarantees
<latexit sha1_base64="T1pcaORnz6TlGb/pl4LzVHthAG0="></latexit>

Strong convexity is free (P⇧ is geodesically convex, and r2V ⌫ ↵I)

<latexit sha1_base64="xBlcF3haoV7PwP4Qy5BfjMXEyJs="></latexit>

Remains to assert that � 7! KL(µ� k⇡) is ?-smooth and ↵-strongly convex
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<latexit sha1_base64="tfmrKjrB1LYEVrCJxu7X91hTqoQ="></latexit>

• If r2V � �I then � 7! V(µ�) is also �-smooth

• We show that � 7! H(µ�) is ⌥/`2-smooth over polyhedral sets

<latexit sha1_base64="KZV/OjM0RGa3T+GrZ00GSm5CCWc="></latexit>

KL(µ� k⇡) = V(µ�) +H(µ�) + log(Z) =

Z
V dµ� +

Z
log µ� dµ� + log(Z)

<latexit sha1_base64="K/6fL76s1IxzjlphUA1r5I8mt8I="></latexit>

Choose ` = 1/
p
�<latexit sha1_base64="UU/UqBnaLkQdXSJU2c6DD1d0LDk="></latexit>

cone( ) := `x+
Pd

i=1

PJ
j=1 �i,j j(xi)ei , � 2 RdJ

+



Accelerated gradient descent for VI
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<latexit sha1_base64="Hog5n/7M1joyZJxJkKyu0wkd/VY="></latexit>

Theorem (Computation). The number of iterations to find ⇡?
⇧ is O(

p
 log(

p
d/")).

<latexit sha1_base64="O3c4Tp1Y7bI9Y6oSK9RVn52v8aY="></latexit>

� 7! KL(µ� k⇡) is �(1+⌥)-smooth and ↵-strongly convex w.r.t (RdJ
+ , k·kQ)

<latexit sha1_base64="H3ujv3jB9S0l3gBT19TNzhECXHA="></latexit>

Algorithm 1 Accelerated projected gradient descent over cone( )

Input: �(0) 2 RdJ
+ , functional KL(·k⇡)

Set ⌘(0) = �(0),  := �(1 +⌥)/↵
for t = 0, 1, 2, 3, . . . do

�(t+1)  projRdJ
+ ,Q(⌘

(t) � 1
�(1+⌥) Q

�1r� KL(µ⌘(t) k⇡))
⌘(t+1)  �(t+1) +

p
�1p
+1 (�

(t+1) � �(t))
end for



<latexit sha1_base64="KZCs6mkY9RZo329RBt6TH0ddcKc="></latexit>

P(R)⌦d

<latexit sha1_base64="czYt6jkoOns4zek1kqj68fpkbfo="></latexit>

⇡?

But are these minimizers actually close?
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<latexit sha1_base64="vnz1haf4PpM2W9k0JjjOCQ0ztxk="></latexit>

P⇧ = cone( )]⇢

<latexit sha1_base64="UU/UqBnaLkQdXSJU2c6DD1d0LDk="></latexit>

cone( ) := `x+
Pd

i=1

PJ
j=1 �i,j j(xi)ei , � 2 RdJ

+

<latexit sha1_base64="ia0H7HAS9Gwn7riTKuXpWazX2vY="></latexit>µ(0)

<latexit sha1_base64="rlqhBLTRvX+OnPT42laxmHRLGZQ="></latexit>

⇡?
⇧

<latexit sha1_base64="AZ5zv7DDl3B2FWxaNRHrTu8bOSY="></latexit>

⇡? = argmin
µ2P(R)⌦d

KL(µk⇡)
<latexit sha1_base64="KdlUsOw3Dgd011TjmM9/Nz+KZk4="></latexit>

' ⇡?
⇧ = argmin

µ2P⇧

KL(µk⇡)?



Quick proof sketch of closeness:
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<latexit sha1_base64="dfnCbuwmRu/OfoUey/9PmbmtF1Y="></latexit>

W 2
2 (⇡

?
⇧, ⇡

?) = W 2
2 ((T

?
⇧ )]⇢, (T

?)]⇢) = kT ?
⇧ � T ?k2L2(⇢)

(smoothness + strong convexity)

(approximation is close to optimal)

<latexit sha1_base64="IdlnzkbytrJMPcwY6SI7noywcPU="></latexit>

kT ?

⇧ � T ?k2
L2(⇢) . kT ?

⇧ � T̂⇧k2L2(⇢) + kT̂⇧ � T ?k2
L2(⇢)

 2kT̂⇧ � T ?k2
H1(⇢) + kT̂⇧ � T ?k2

L2(⇢)

 "+ "
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<latexit sha1_base64="J31GWMZKme/3B4THyBFx7I/QMWc="></latexit>

and � 2 RJ
+

<latexit sha1_base64="/P3B3rnIGfM5uFV24w6PfFr8k4I="></latexit>

where  j(x) ⇠ min{1,max{x, 0}}

<latexit sha1_base64="AsXoe8pS6doZbn+LjpRFeDNgeDQ="></latexit>

 j(x) =  ̃(��1(x� aj))

<latexit sha1_base64="vFnMfc0/M+yfqPRkI2MY56qowyY="></latexit>aj

<latexit sha1_base64="54plG5357WTAD2WEkSDyg27sI5Y="></latexit>

T �̂(x) =
PJ

j=1 �̂j j(x)

How close is this approximation?



Quick proof sketch of closeness:
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<latexit sha1_base64="dfnCbuwmRu/OfoUey/9PmbmtF1Y="></latexit>

W 2
2 (⇡

?
⇧, ⇡

?) = W 2
2 ((T

?
⇧ )]⇢, (T

?)]⇢) = kT ?
⇧ � T ?k2L2(⇢)

(smoothness + strong convexity)

(Caffarelli (2000))

<latexit sha1_base64="t+ZWIKKafCoYdqHQ0FsnwKghPTU="></latexit>

1p
�
 (T ?

i )
0  1p

↵ , |(T ?
i )

00(x)| . p
↵(1 + |x|) , |(T ?

i )
000(x)| . 2

p
↵(1 + |x|2) .

<latexit sha1_base64="UR5WCgKWGS4+bkF5L9jUx1SE9JA="></latexit>

(WC) =)

(approximation is close to optimal)

<latexit sha1_base64="IdlnzkbytrJMPcwY6SI7noywcPU="></latexit>

kT ?

⇧ � T ?k2
L2(⇢) . kT ?

⇧ � T̂⇧k2L2(⇢) + kT̂⇧ � T ?k2
L2(⇢)

 2kT̂⇧ � T ?k2
H1(⇢) + kT̂⇧ � T ?k2

L2(⇢)

 "+ "

<latexit sha1_base64="iyz5KBGF58coBiX+7DnH5vwnnRA="></latexit>

Proof requires new regularity properties of the Monge–Ampère equation
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Improvement under smoothness?



<latexit sha1_base64="hujFSW87z+V94W38fkAYTYB3Frk="></latexit>

• Before: we used piecewise linear functions to approximate T ?

• Now: Use linear/quadratic terms to approximate (T ?)0

• Integrating gives cubics, which we need to shift by other cubics

• To ensure monotoncity, � 2 K (an explicit polyhedral set)

29

Improvement under smoothness!
<latexit sha1_base64="7ucS9WXGG7h+60UNmhnk3/jzBb8="></latexit>

Theorem (Smoother maps). There exists a di↵erent generating family such
that with J = Õ(3/2

d
1/4

/"
1/2), then it holds that

p
↵W2(⇡?

⇧, ⇡
?)  ".
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Implementation (yes, we coded it!)?
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Implementation (yes, we coded it!)

For the full implementation, visit: https://github.com/APooladian/MFVI

https://github.com/APooladian/MFVI
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<latexit sha1_base64="ygSA0i7a/hmkIfQORurqcsIX+tU="></latexit>

V (✓) =
nX

i=1

⇥
log(1 + exp(✓>Xi))� Yi ✓

>Xi

⇤
.

<latexit sha1_base64="6L0KJgZcTS0Dd1LAlUlqHpU9HuY="></latexit>

Yi | Xi ⇠ Bern(exp(✓>Xi)) ,

<latexit sha1_base64="9m4WaZ5VFVv+/g4qxzK6vmocSBQ="></latexit>

We generate (for random Xi and ✓)

<latexit sha1_base64="mPdn2GdS/zM5YganEoaLgA5Ufio="></latexit>

Here, we considered d = 20 and n = 100.

Visualization of 2000 samples drawn  
from the posterior using MFVI and LMC

Example: Bayesian Logistic Regression

Not strongly log-concave, but it still works!



<latexit sha1_base64="brzRwalVdtKbQ4z7zKc+AW/p/t4="></latexit>

• More details regarding the Wasserstein geometry

• Arbitrary convex subsets of RdJ
+ (for e.g., Frank–Wolfe)

• Rates of convergence for stochastic gradient descent

• Approximation by mixtures of product measures

Recap and more:
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<latexit sha1_base64="BffLa/No64VJUdVN0r6QMaCHaKc="></latexit>

• “Nonparametric” parameterization of product measures

• Optimization is easy due to isometries; convergence rates are free

Recap:

More:



Open questions:
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<latexit sha1_base64="jDUZD5Q70q+lbvmdGaWTv3MFJDA="></latexit>

• Regarding Wasserstein polyhedra:

– Investigate statistical convergence guarantees

– Develop further applications of polyhedral optimization

– Analogues with other geometries (e.g., sphere?)

• Regarding mean-field VI:

– Explicitly quantify constants (e.g., ⌥)

– Moving beyond setting where r2V ⌫ ↵I
– Other algorithms?



Thank you

35

Code for repo:


