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We’ll be working with strongly log-concave distributions
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Background

Let  and  with:P = exp(−V) Q = exp(−W)

QP

- 

-

∇2V(x) ⪯ βI
∇2W(y) ⪰ αI ≻ 0



Background

Let  denote the set of valid transport maps from  to 𝒯(P, Q) P Q

T

QP



Background
T0

Q

T0 := argmin
T ∫

1
2

∥x − T(x)∥2
2 dP(x) s.t. T ∈ 𝒯(P, Q)

optimal 
transport 
map:

P
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Brenier’s theorem (1991):  where  is a convex functionT0 := ∇φ0 φ0
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Brenier’s theorem (1991):  where  is a convex functionT0 := ∇φ0 φ0

Brenier potential
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Caffarelli’s contraction theorem (2000): ∥∇2φ0(x)∥op ≤ β/α

∇φ0

P



Background

P Q

Caffarelli’s contraction theorem (2000):

Proof: requires regularity theory, maximum principles from PDEs, etc

∇φ0

∥∇2φ0(x)∥op ≤ β/α



Motivation
Caffarelli’s contraction theorem (2000): ∥∇2φ0(x)∥op ≤ β/α

Why might one be interested in this?

- Establishing functional inequalities (e.g. Poincaré inequality)

- Statistical estimation of OT maps

- Stability of Wasserstein barycenters

- Most applications of OT…



Caffarelli’s contraction theorem (2000): ∥∇2φ0(x)∥op ≤ β/α

Example: Transferring Poincaré inequalities

Let  and let    be smooth. Then the Gaussian Poincaré inequality readsP = N(0,I) f

VarP( f(X)) ≤ 1 ⋅ 𝔼P[∥∇f(X)∥2] .

Motivation
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Caffarelli’s contraction theorem (2000): ∥∇2φ0(x)∥op ≤ β/α

Let  be such that . Then via chain-ruleQ (∇φ0)♯P = Q

VarQ( f(Y)) = VarP(( f ∘ ∇φ0)(X)) ≤ 𝔼P[∥∇( f ∘ ∇φ0)(X)∥2]

= 𝔼P[∥(∇f ∘ ∇φ0)(X)∇2φ0(X)∥2]

≤ ∥∇2φ0∥2
op 𝔼P[∥(∇f ∘ ∇φ0)(X)∥2]

= ∥∇2φ0∥2
op 𝔼Q[∥∇f(Y)∥2]

Motivation

Example: Transferring Poincaré inequalities
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What happens in practice?

Motivation
Entropic optimal transport

- OT map estimation

- Computing barycenters

- Pretty much everything

Why?

- Sinkhorn’s algorithm (Cut13)

- Parallelizable implementation with GPU speedups

- Effective even when n ≃ 104



What happens in practice?

Motivation
Entropic optimal transport

- OT map estimation

- Computing barycenters

- Pretty much everything

Why?

Schrodinger Bridge

- Sinkhorn’s algorithm (Cut13)

- Parallelizable implementation with GPU speedups

- Effective even when n ≃ 104



Our contributions

P Qε

∇φε

- Generalize Caffarelli’s result to entropic Brenier potentials

- Recover Caffarelli’s result (shortest proof to date)



Optimal transport



Optimal transport
π0 = argminπ∈Γ(P,Q) ∬

1
2

∥x − y∥2dπ(x, y)

( f0, g0) = argmaxf,g ∫ f dP + ∫ g dQ − ιf(x)+g(y)≤ 1
2 ∥x−y∥2

(Primal)

(Dual)

(Map) T0 = ∇φ0

(Potential) φ0 =
1
2

∥ ⋅ ∥2 − f0 ψ0 =
1
2

∥ ⋅ ∥2 − g0,



Entropic optimal transport

( f0, g0) = argmaxf,g ∫ f dP + ∫ g dQ − ιf(x)+g(y)≤ 1
2 ∥x−y∥2

(Primal)

(Dual)

(Map) T0 = ∇φ0

(Potential) φ0 =
1
2

∥ ⋅ ∥2 − f0

πε = argminπ∈Γ(P,Q) ∬
1
2

∥x − y∥2dπ(x, y) +εDKL(π∥P ⊗ Q)

?

?

?

ψ0 =
1
2

∥ ⋅ ∥2 − g0,



Entropic optimal transport
(Primal)

(Dual)

(Map) T0 = ∇φ0

(Potential) φ0 =
1
2

∥ ⋅ ∥2 − f0 ?

?

−ε∬ e( f(x)+g(y)− 1
2 ∥x−y∥2)/ε dP(x)dQ(y) + ε( fε, gε) = argmaxf,g ∫ f dP + ∫ g dQ

ψ0 =
1
2

∥ ⋅ ∥2 − g0,

πε = argminπ∈Γ(P,Q) ∬
1
2

∥x − y∥2dπ(x, y) +εDKL(π∥P ⊗ Q)



Entropic optimal transport
(Primal)

(Dual)

(Map) T0 = ∇φ0

(Potential)

?

φε =
1
2

∥ ⋅ ∥2 − fε ψε =
1
2

∥ ⋅ ∥2
, − gε

−ε∬ e( f(x)+g(y)− 1
2 ∥x−y∥2)/ε dP(x)dQ(y) + ε
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1
2

∥x − y∥2dπ(x, y)
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Entropic optimal transport
(Primal)

(Dual)

(Map) Tε = ∇φε

(Potential) φε =
1
2

∥ ⋅ ∥2 − fε , − gεψε =
1
2

∥ ⋅ ∥2

−ε∬ e( f(x)+g(y)− 1
2 ∥x−y∥2)/ε dP(x)dQ(y) + ε

πε = argminπ∈Γ(P,Q) ∬
1
2

∥x − y∥2dπ(x, y)

( fε, gε) = argmaxf,g ∫ f dP + ∫ g dQ

+εDKL(π∥P ⊗ Q)



Entropic optimal transport

Convergence of regularized to unregularized potentials:

-      [Nutz, Weisel ’21]φε ⟶ φ0 in L1(P)

-      [P., Niles-Weed ’21]∇φε ⟶ ∇φ0 in L2(P)

∥∇φε − ∇φ0∥2
L2(P) ≲ ε2I0(P, Q) + εmin(4,α+1)/2 (ψ0 ∈ Cα+1)Specifically,



Entropic optimal transport
(Primal)

πε(x, y) = exp {ε−1 (fε(x) + gε(y) −
1
2

∥x − y∥2
2)} dP(x)dQ(y)

has the following closed form representation

πε = argminπ∈Γ(P,Q) ∬
1
2

∥x − y∥2dπ(x, y) +εDKL(π∥P ⊗ Q)



Entropic optimal transport
(Primal)

πε(x, y) = exp {−ε−1 (φε(x) + ψε(y) − ⟨x, y⟩) − V(x) − W(y)}

has the following closed form representation

πε = argminπ∈Γ(P,Q) ∬
1
2

∥x − y∥2dπ(x, y) +εDKL(π∥P ⊗ Q)



Entropic optimal transport

∇φε(x) = 𝔼πε
[Y |X = x]

also expressed as a conditional expectation [Prop 1, P.,Niles-Weed ’21]

(Map) Tε = ∇φε

πε

x

Tε(x)



Entropic optimal transport

∇φε(x) = 𝔼πε
[Y |X = x] =: 𝔼πx

ε
[Y]
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Entropic optimal transport

∇φε(x) = 𝔼πε
[Y |X = x] =: 𝔼πx

ε
[Y]

also expressed as a conditional expectation [Prop 1, P.,Niles-Weed ’21]

(Map) Tε = ∇φε

πε

x

Tε(x)πx
ε(y) ∝ exp {−ε−1 (ψε(y) − ⟨x, y⟩) − W(y)}

with



Entropic optimal transport
Lemma 1 (Chewi, P., ’22):

- , ∇2φε(x) = ε−1Covπε
(Y |X = x) ∇2ψε(y) = ε−1Covπε

(X |Y = y)

- ∇2log(1/πx
ε)(y) = ε−1 ∇2ψε(y) + ∇2W(y)

- ∇2log(1/πy
ε)(x) = ε−1 ∇2φε(x) + ∇2V(x)



Covariance inequalities
Let  be a probability measure on  with  and convexP = exp(−V) ℝd V ∈ C2

(1) Brascamp-Lieb inequality: CovP(X) ⪯ 𝔼P[(∇2V(X))−1]

(2) Cramér-Rao inequality: (𝔼P[∇2V(X)])−1 ⪯ CovP(X)

(BL)

(CR)



Bounds on Hessians

∇2φε(x) ε−1Covπx
ε
(Y)=

⪯ ε−1𝔼πx
ε [(∇2log(1/πx

ε)(Y))−1]
ε−1𝔼πx

ε [(ε−1 ∇2ψε(Y) + ∇2W(Y))−1]
(BL)

How to progress? Lower bound  using Cramér-Rao!∇2ψε(Y)

=



Bounds on Hessians

∇2ψε(Y) ε−1CovπY
ε
(X)=

⪰ ε−1 (𝔼πY
ε
[∇2log(1/πY

ε )(X)])
−1

ε−1 (𝔼πY
ε
[ε−1 ∇2φε(X) + ∇2V(X)])

−1
=

(CR)

∇2φε(x) ε−1Covπx
ε
(Y)

⪯ ε−1𝔼πx
ε [(∇2log(1/πx

ε)(Y))−1]
ε−1𝔼πx

ε [(ε−1 ∇2ψε(Y) + ∇2W(Y))−1]=

(BL)

=



Bounds on Hessians

(CR)

(BL)

∇2φε(x) ε−1Covπx
ε
(Y)

⪯ ε−1𝔼πx
ε [(∇2log(1/πx

ε)(Y))−1]
ε−1𝔼πx

ε [(ε−1 ∇2ψε(Y) + ∇2W(Y))−1]=

=

𝔼πx
ε [(∇2ψε(Y) + ε∇2W(Y))−1]=

⪯ 𝔼πx
ε [((𝔼πY

ε
[∇2φε(X) + ε∇2V(X)])

−1
+ ε∇2W(Y))

−1

]



Bounds on Hessians

∇2φε(x) ⪯ 𝔼πx
ε [((𝔼πY

ε
[∇2φε(X) + ε∇2V(X)])

−1
+ ε∇2W(Y))

−1

]
Define                                       and use , then∇2W(y) ⪰ αI, ∇2V(x) ⪯ βILε := sup λmax(∇2φε(x))

x

λmax(∇2φε(x)) ≤ ((Lε + εβ)−1 + εα)−1



Bounds on Hessians

Lε ≤ ((Lε + εβ)−1 + εα)−1

∇2φε(x) ⪯

Define                                       and use , then∇2W(y) ⪰ αI, ∇2V(x) ⪯ βILε := sup λmax(∇2φε(x))
x

𝔼πx
ε [((𝔼πY

ε
[∇2φε(X) + ε∇2V(X)])

−1
+ ε∇2W(Y))

−1

]



Bounds on Hessians

Lε ≤
1
2 ( 4β/α + β2ε2 − εβ)

∇2φε(x) ⪯

Define                                       and use , then∇2W(y) ⪰ αI, ∇2V(x) ⪯ βILε := sup λmax(∇2φε(x))
x

𝔼πx
ε [((𝔼πY

ε
[∇2φε(X) + ε∇2V(X)])

−1
+ ε∇2W(Y))

−1

]



Bounds on Hessians

∇2φε(x) ⪯ 1
2 ( 4β/α + β2ε2 − βε) IWe showed:

Caffarelli’s contraction theorem (2000): ∥∇2φ0(x)∥op ≤ β/α

Proof: lim
ε→0

∥∇2φε(x)∥op ≤ lim
ε→0

1
2 ( 4β/α + β2ε2 − βε) = β/α

(Can be made formal using results from [Nutz, Weisel ’21])



Bounds on Hessians

∇2φε(x) ⪯ 1
2 ( 4β/α + β2ε2 − βε) IWe showed:

- Symmetric proof for lower bounds for all 

- Generalization of Caffarelli conditions:  

with  commuting PD matrices

ε > 0
∇2V ⪯ A−1 , ∇2W ⪰ B−1

A , B

Extensions

∇2φ0(x) ⪯ A−1/2B1/2



Thanks!
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